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0.1 Introduction 

Let X be an abelian variety X of dimension g over an algebraically closed field k. 
For irreducible subvarieties Y Q X the perverse intersection cohomology sheaves 
Sy define perverse sheaves on X. 

Let D b c (X) = Dc(X,Qi) be the triangulated category of etale Q r sheaves on X in 
the sense of lfl5"il . It contains the abelian category Perv(X) of (middle) perverse 
sheaves on X as a full abelian subcategory. The addition law of the abelian variety 
a : X x X — » X defines the convolution product K * L e D h c {X, Qi) of two 
complexes K and L in D h c (X, Q ; ). Similarly one can define the iterated products 
6y 1 * " ' * 5y r for subvarieties Y\, .., Y r of X. These convolutions tend to become 
complicated, if the sum of the dimensions dim{Y\) + • • • + dim(Y r ) exceeds g. 
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In the simplest case of r smooth curves Y{ in X, where r - 1 of them generate 
the abelian variety X, we show, that the convolution of r perverse sheaves 5y t is a 
perverse sheaf on X for r < g. We later extend this result. 

If X is the Jacobian of a curve C of genus g > 2, and if all Fj coincide and are 
curves, the above assertion remains true for r > g in the following weaker sense: 
Each r-fold iterated self convolution of 5c is a direct sum of a perverse sheaf and 
a complex T, such that T is a direct sum of translates of constant sheaves on X. 
For this we decompose the r-fold iterated self convolutions of So into direct sum- 
mands 5 a parameterized by partitions a of degree deg(a) = r. These 5 a behave 
nicely with respect to the convolution product on X. We prove, that 5 a is a di- 
rect sum of a perverse sheaf p 5 a and a complex T a , such that T a is a translate of 
constant sheaves on X, and we compute T a . The sheaves p 5 a are related to the 
Brill-Noether varieties in X in a natural way via the supports of the cohomology 
sheaves. The semisimple category BM', defined by direct sums of perverse con- 
stituents of the perverse sheaves p 5 a , is a tensor category, which is a Tannakian 
category BM equivalent for g > 3 to the category Rep(G) of representations of an 
algebraic group G over Q z . This group either is Sp(2g - 2, Q t ) or Sl(2g - 2, Q;), 
depending on whether C is hyperelliptic or not, assuming that the Riemann con- 
stant has been normalized suitably. In particular the p 5 a are irreducible perverse 
sheaves in the latter case. The category BM is related to more general tensor cat- 
egories T{X) defined for arbitrary abelian varieties X in case k has characteristic 
zero or is the algebraic closure of a finite field. 

The Tannakian approach in chapter [7] implies most results of chapter |5] by an 
independent argument. However, since the arguments of chapter |5] are more ele- 
mentary and hold over arbitrary algebraically closed fields k, I thought it might be 
useful also to present the more elementary proofs. See also [33]. 
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Chapter 1 

Preliminaries on perverse sheaves 



For a variety X over an algebraically closed field k and a prime I different from the 
characteristic p of k let D b c {X, Q t ) denote the triangulated category of complexes 
of etale Q r sheaves on X in the sense of |fT5l . This category carries a standard 
i-structure. Truncation with respect to the standard i-structure defines the etale 
Q r sheaves on X, also called Z-adic sheaves for simplicity. For a complex K € 
D^(X,Qi) let H U (K) denote its etale cohomology Q r sheaves with respect to the 
standard t-structure. Let 

Perv(X) 

denote the abelian subcategory of middle perverse sheaves of the triangulated cat- 
egory D b c (X, Qi). Recall K e Perv(X) if and only if the complex K and its Verdier 
dual DK are contained in the full subcategory P D-°(X) of semi-perverse sheaves 
in D b (X,Qi), where K e D b (X,Qi) is semi-perverse if and only if dim(S u ) < v 
holds for all integers v € Z, where S u denotes the support of the cohomology 
sheaf Hr v {K) of K. Here, by convention, the support S u is defined to be the 
Zariski closure of the locus of points x for which the stalk cohomology Hr v {K)^ 
of a geometric point x over x does not vanish. For a complex K € D h c (X, Q t ) let 
D(K) denote its Verdier dual. We say K is selfdual, if K ^ D(K) holds. 

If k is the algebraic closure of a finite field k, then a complex K of etale Q r Weil 
sheaves is called mixed of weight < w, if all its cohomology sheaves H V (K) are 
mixed etale Q r sheaves with upper weights w(7i u (K)) - v < w for all integers v. 
It is called pure of weight w, if K and its Verdier dual DK are mixed of weight 
< w. In this case let Perv m (X) denote the abelian category of mixed perverse 
sheaves on X. Concerning base fields of characteristic zero, the following should 
be remarked. Since all sheaves relevant for this paper will be of geometric origin 
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in the sense of the last chapter of (3]|, we still dispose over the notion of the weight 
filtration and purity and Gabber's decomposition theorem even in case char(k) = 
0. Hoping that this will not give too much confusion, we therefore will not make 
distinctions between the case where the base field is of characteristic zero or not. 
However it should be remarked, that all results (e.g. section 17.71) which use the 
curve lemma (lemma [141) are only proven under the additional condition, that 
either k has characteristic zero or is the algebraic closure of a finite field k. 

If i : Y w X is an irreducible subvariety of X, and if E is a smooth Z-adic sheaf 
defined on an essentially smooth dense open subset j : U Y of Y, then the 
sheaf defined by the intermediate extension j\* 

$E = i*ju(E[dim{X)\) 

is a perverse sheaf on X. 5e is an irreducible perverse sheaf on X if and only 
if E is an irreducible smooth Q r sheaf on U. Every irreducible perverse sheaf is 
isomorphic to some 5e for some triple (E, U, Y) with the notations above. U is 
not uniquely determined by 5e, whereas the closure Y = Ye = U only depends 
on 5e- If E is the constant sheaf Q t u on U, we usually write 5y instead of 6e- 
In this case 5y is a selfdual perverse sheaf on X. If Y is irreducible, then <5y is 
pure of weight dim(Y). Finally, we write Xe respectively Ay for the etale sheaf 
i*(j*{E)) on X with support in Y. If d is the dimension of Y we write H l {Y) for 
the ordinary etale cohomology group H l (Y, Qi iY ), and IH l (Y) for the intersection 
cohomology group H l ~ d (Y, <5y). 

Lemma l.IfY is a normal variety of dimension d, then Ay = Q z y \d\. 

Proof : Let U be open dense smooth in Y and let j : U ^ Y be the inclusion map. 
Since Ay = H- d {5 Y ) is i*Q/ y, there exists a natural morphism 

Qi,y -^3*(®i,u) = Ay ■ 

By assumption j is dominant and Y is normal. Hence ll28l IX, lemma 2.14.1 
implies, that this sheaf homomorphism is an isomorphism. 

Lemma 2. For irreducible perverse sheaves 5e there exists a distinguished trian- 
gle ipE — > — ► $e — ► i/>e[1], such that ipE, -Ve, 5e G p D-°(X) and 
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1. p H (ip E ) -» P H°(X E ) ^S E ^0 is exact in Perv(X). 

2. PH-"(X, ip E ) = Ofar v <£ {0, 1, .., dim(Y) - 2}. 

3. dim supp( p H~ u (X, ip E )) < dim(Y) -u- 2 for all v > 0. 

4. W( p H- u {X, ijj E )) = Ofor all n < -dim{Y) + u + 2. 

5. P H U {X^ E ) = p H u (X,\ E )for allv ^Q. 

6. If8 E is pure of weight w, then w(\ E ) < w and w(ip E ) < w — 1 

dim supp(ip E ) < dim(Y) — 2 , 

and the sequence in 1. defines the first step of the weight filtration of 
p H°(\ E ). 



Proof : This can be easily deduced from [KW], section III.5 by induction. In 
fact for a complex K e P D^°(X) the conditions K e st D^- r (X) and P H(K) e 
st D-~ r+v (X) for all v are equivalent. 

Notice 

H- v {8 e )=H- v+ \1>e) 
for v ^ dim(Y). □ 

Now assume X to be a scheme of finite type over the algebraic closure A; of a finite 
field with the following properties 

1. There exists an integer d such that Qi tX [d] is an irreducible perverse sheaf 
onl. 

2. There exists a finite morphism it : X — > Y and a finite group G acting on X, 
such that 7r o g = 7r holds for all g e G. 

3. There exists an essentially smooth open dense subset j :U^Y, such that 
j v : V = tt~ 1 {U) ^ X is open an dense in X, and such that the restriction 
of 7r from V — > f/ is an etale Galois covering with Galois group G. 
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Remark : Suppose X is an irreducible local complete intersection of dimension 
d, then Qi )X [d] is a perverse sheaf. Then there exists a distinguished triangle 
(^x,Ax,<5x) with perverse tp x , in other words an exact sequence of perverse 
sheaves 

-> V^x -> A x -► <5x , 

defining the highest part of the weight filtration of Ax, and the following con- 
ditions are equivalent: a) Ax = Q/x * s irreducible b) Ax is isomorphic to the 
intersection cohomology sheaf S x c) Ax is irreducible d) Ax is pure of weight d. 

Lemma 1: Under the assumptions 1-3) above the direct image complex 

K = Tr4Q l;X [d]) 

is a G-equivariant perverse sheaf on Y, which decomposes into a direct sum of 
perverse sheaves 

K = 0p^F p , 

p 

where the F p are irreducible perverse sheaves on Y, such that 

F p [~d] 

are etale Q r sheaves on Y. Furthermore F pi = F P2 if and only if pi = p 2 . 

Corollary: If X is smooth irreducible of dimension d and ir : X — > y is a ramified 
covering with Galois group G. Then 7r*(Qj j x[d]) = P P ^ Fp for irreducible 
perverse sheaves F p e Perv(Y). 

Proof : Q l>x is irreducible perverse by assumption, hence also the Verdier dual 
D(Q^x)- Since D(Q^ X ) and Q z x are isomorphic over V, they are isomorphic over 
X being irreducible perverse sheaves. Being irreducible % jX is pure of weight d. 

7r is finite and Q ljX is a perverse sheaf. Thus K = 7r*(Qj) is in P D-°(X). By 
duality therefore K e Perv(Y). Since 7r is proper, K is pure of weight d. By the 
equivariance of tt we can decompose K = p p M F p into isotypic components 
with respect to the irreducible Q r representations of G. The F p are pure perverse 
sheaves on Y. The restrictions F p \ v to U are irreducible smooth etale sheaves 
([KW] III. 15.3 d)) up to a complex shift by d. Therefore by purity 

F P = ji*(F P \u) e R P 
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for some perverse sheaf R p supported in Y \ U. In particular F p / for all p. 
Recall the sheaves F p \u are smooth etale Q r sheaves of rank deg(p) (by [KW] 
III. 15.3 d)). The adjunction formula ([KW], p. 107) implies 

^ om D»(x,0,)( 7r * 7r *Qj,A-[41>Qi,x[^) = #^£>j(y 1 Q l )(^*Qi,xM>^*Qi,x[^) . 

The dimension on the right is J2 Pl P2 dim{pi)dim(p 2 )-dim(Hom Db( y^(F Pl , F P2 )). 
Since dim(Hom Db ^ Y ^(F p , F p )) > 1 as already seen, the claims would follow 
from 

dim(Hom mxm (^*TT^ x [d}MiM d ])) ^ \°\ 

using the character formula |G| = J2 p dim(p) 2 and the decomposition theorem 
(purity of K). We remark, that K = TtMi,x[d] G Perv{Y) implies E = tt*(K) = 
7r*7r*Qj,x[d] G PD^°(X) by [KW] lemma HI.7.1. Therefore the distinguished tri- 
angle of perverse truncation and the long exact Horn-sequence and the truncation 
axiom loc. cit. p.75) gives 

Hom D , {xMi) ^T*TT^ x [d},Qi,x[d]) ^ Hom D , {xMi) ^B,Qi,x[ d }) 

for B = p H (7r*ir*Q^x[d})- Recall the process of truncation (using notation from 
KW p. 140): It is clear, that for E = n*(K) = 7r*7r*(Q^ x ) the exact triangle 
(PT<- 1 f v (E),f v (E),PH°(f v (E))) defines an exact triangle (F, E, Rj v ,* p r> {j* v (E))) 
by adjunction. Notice p T> (jy(E)) = Q; y[d]l G L By the definition of truncation 
B = P H°(E) sits in a diagram 

Si B = m\E) - Rjv,Miy[d}) lGl 

E 
A 

with perverse sheaves Si and A supported in X \ V. This implies 

B\ v = p H°(E)\ v ^Q iy [d}W . 

Weight filtration of B : Since w(Qi[d]) < d also w(K) < d, using that tt is proper. 
But then also w(E) < d for E = tt*(K). Now [KW] corollary 10.2 implies w(B) < 
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d for B = P H°(E). The weight filtration of the perverse sheaf B defines an exact 
sequence of perverse sheaves 

— > B w<d — > i? — > -B w= rf — > , 

where is pure of weight d and w(B w<d ) < d. By assumption Q z x has weight 
> d. Hence [KW] proposition II. 12.6 and lemma III.4.3 imply 

Hom^x^B^d^^xld])) = . 

Hence the long exact Horn-sequence gives an inclusion 

To prove the lemma, it therefore is enough by the chain of inclusion obtained to 
prove the estimate 



dim^Hom^x^B^o^^xld])^ < \G\ 



By purity the perverse sheaf B w=d is a direct sum of j V \*{B\ v ) and a perverse 
sheaf C supported in X \ V. Since Q; t x[d] is irreducible, there does not exist a 
nontrivial morphism from C to Qi jX - We have also seen above B\ v = Qj y- Since 
Qi y x[d] is irreducible, therefore jv,\*(B\v) — Qi,x[d]^°^ since B w<d \ v = and 
B w=0 \v = Ql y. In other words by Gabber's theorem 

dim^Hom D ^x : Q i) (B w=0 ,Q ltX [d])^ = \G\ . 
This proves the lemma, i.e. forces all F p to irreducible. 
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Chapter 2 

Convolution for abelian varieties 



2.1 Abelian varieties 

Suppose X is an abelian variety over k with addition law 

X x X A X . 

Let g be its dimension. For complexes K, L in D b c (X, Q t ) the convolution K * Lin 
£>£(X,Q Z ) is defined by 

K*L = Ra*(K M L) . 
Convolution commutes with complex shifts K[m] * L[n] = K * L[m + n}. 

Commutativity : The tensor product of two sheaf complexes F and G (in our case 
F = pr* x {K) and G = pr* 2 (L)) is defined by (F <g> G) n = ® p+q=n F p ® G q with 
differentials d(F ® G)|(i^ G 9 ) = d(F)|i^ <g> Id + <g> d(G)|G«. The 

commutativity constraints for complexes ip F ,G = (V'f.g) 

^ G :{F®G) n = F®G«^ G q ® F p = (G ® F) n 

p+q=n q+p=n 

are defined by V^ G |-F P <8> G 9 = (-I^V'.fp.G'* where tpFp,Gi are the 'trivial' com- 
mutativity constraints for sheaves. In particular for a sheaf F and a sheaf com- 
plex G one has F ® G = G ® F. This induces functorial isomorphisms : 

a 2 {KML) = LMK via the canonical isomorphisms via ^k,l = c*2 Wyj(.K"),pr5(.L)) 

X H L = prfttf) ® L pr 2 *(L) * <7j 2 (prJ(L) ® L pr* 2 {K)) = a* 12 (L ® K) . 
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Notice pr\ (K) ^pr^L) = a^pr^K) (g> L pr\(L)) for the permutation a\ 2 ■ X 2 — > 
X 2 , which are defined by a±2(x, y) = (y, x). The isomorphism 4>k,l above is the 
pullback via o\ 2 of the isomorphism pr\[K) ® L ' pr\[L) = pr\{L) ® L pr\{K) for the 
ordinary tensor product ® L of the triangulated category D b c (X 2 ,Qi) described by 
the ordinary tenor product of sheaf complexes F = pr\(K) and G = pr\\L). This 
implies the existence of functorial commutativity constraints ^k,l ■ K*L = L*K 
for the convolution product via 



K * L 
L * K 



: Ra*(K M L) Ra*{al 2 (L M K)) 



Ra*(L M K) : 



■ Ra*(LMK) 



The commutativity constraints ^k,l = Ra^~^ L : K * L = L * K are derived as 
direct images under a : X x X — > X from the commutativity constraints of the 
outer tensor products, and from Ra* o cr* 2 = Ra* 

Associativity : The existence of functorial associativity isomorphisms <pk,l,m ■ 
(K M L) M M = K M (L M M) for the exterior tensor product of complexes implies, 
that the convolution is associative with certain functorial associativity constraints 

$k,l,m : (K * L) * M = K * (L * M) via 



(K * L) * M ■ 



■■ Ra*R(a x id)*{(K ML) MM) 

Ra,R(axid) t id K ,L,A 

Ra*R(a x id)J(K M(LM M)) 



Ra*R(id x a)*(K M(LM M)) 



K*(L*M) = 

since a o (a x id) = a o (id x a). Associativity (F <g> G) ® H = F ® (G ® H) is 
satisfied for sheaf complexes, hence also in D b c (X, Qj) in the strict sense 

d((F <E)G) (g) H)\(FP <g> G q <g> H r ) 

= d(F)\F p ®id®id + {-If ■ id ® d(G)|G 9 ® id + {-l) p+q -id® id® d(H)\H r 

= d{F ®(G® H))\{F P ®G«® JT) . 

The commutativity and associativity constraints for the convolution product sat- 
isfy the usual hexagon and pentagon axiom. 
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Supports : By the proper base change theorem the stalk of the cohomology sheaf 
W(K * L) z of K * Lata point z of X is H U (X, K ® L ip* z (L)\ where 

<p z : X ->• X , <p z (x) = z-x 

and ip 2 z = idx- For a complex K e D b c (X, Q z ) define supp(K) = U U S U be the union 
of the supports 5 V of the cohomology sheaves Hr v (K). By definition S v is Zariski 
closed. Then K <g> L ^* Z {L) is supported in supp(K) n (z - supp(L)). Therefore by 
induction 

supp{K\ * • • • * iT r ) C supp(Ki) + • • • + supp(K r ) . 

If Y, Y' are irreducible normal closed subvarieties of the abelian variety X, we 
obtain 

supp(5y * 6y) = supp(6y) + supply) = Y + Y . 

In fact H~ U {8 Y * 8 Y >) Z = holds for all v > dim(Y) + dim(Y') and H~ U (8 Y * 8 Y >) Z 
is equal to H°{Y n (z - Y'),Qj) / for v = dim(Y) + dim(Y') and z G Y + Y', 
which is Zariski closed. 

Concerning Verdier duality D : D b c {X,%) -> D b c {X,Qi) we have D(K * L) = 
DRa*(K ML) = Ra*(D(K M L)) = Ra*(DK M DL) = DK * DL by Poincare 
duality, since a is proper. The convolution K * L of selfdual complexes K = DK 
and L = DL is selfdual. Similarly the convolution K * L of mixed complexes K 
and L of weight < w respectively weight < w' is mixed of weight < w + w'. If K 
and L are pure of weights w respectively w', then K * Lis, pure of weight w + it/. 

Relative Kiinneth theorem : We now review 11281 . XVII. 5. 4 (in a slightly modified 
context). Given morphisms / : X — > Y and 5 : X' — > Y' complexes if G -De(^> Q/) 
and L G D C 6 (7,Q,) consider p*K®q*L ^ KML e D b (X xY,%) and the morphism 
h = fxg: XxY^X'xY'. There exists a natural morphism 

1/ : Rf* (K) M Rg*(L) -> Kl L) , 

which is induced by the basechange morphisms (p')*R r f*K — > R r h if (p*(K)) 
and {q')*R s f*L -> R s h*{q*{L)) and cup-product R r K{p*{K)) x R s h*{q*{L)) -> 
R r+s h 1r (K M L) (see [21 j, p. 172). If both morphisms / and g are proper, then i> is 
an isomorphism. This follows from the proper basechange theorem, which allows 
to reduce this to the case X' = Y' = Spec(ife) (see BH, XVII Theorem 5.4.3, or 
II2H . thm 8.5 and p. 262 loc. cit.). 
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Functoriality : Suppose / : X — > Y is a homomorphism of abelian varieties. For 
complexes K,L e Qj) me direct image 

Rf* : D b (X,®i) ^ D b (Y,®i) 

commutes with convolution 

Rf*(K * L) =Rf*(K) * Rf,(L) . 

This is evident from the commutativity a o (f x f) = f o a of the diagram 



X x X 

/x/ 

Y x y • 



y 



and the relative Kiinneth formula for fxf: Indeed Rf*(K*L) = Rf*Ra*(KML) = 
Ra*R(f x §!) = Ra*(Rf*(K) M Rf*(L)) = Rf*{K) * Rf*(L). 

The dual : For K e D b c (X,Qi) we define the adjoint dual K v € D b (X, Q,) by 

K v = (-id x )*D(K) . 

{—idx)*D = D(—idx)*, (—idx)*(—idx)*K = K and existence of a natural iso- 
morphism jx ■ K = D{D(K)) implies, that there exists a natural isomorphism 
\ K : K = (K v ) v . This defines a natural transformation A : id —* vv , which allows 
to identify the identity functor with the bidual functor A^ : K = K vv . 



Lemma 3. (Xk) v = (Ax v ) 



-i 



Proof : This can be reduced to the corresponding statement D{]k) = (jd(A'))~ 1 
for Verdier duality, which follows from [[231 (3.2.3.9) and E31 p. 51- 57, since 
for the (^-category (D^X,^), ® L ) the functor Z i-> Hom Db( ^ x ^(Z ® L X,Y) 
is representable by Hom Db{x ^ i) (Z,RrLom{X,Y)) for RHom(X,Y) = D(X <g) L 
D(Y)). We notice in passing, that K h-> D(K)[— 2g] is related to the functor />->■/* 
in B231 3.2.3.1 using the unit object Q ljX of (D b (X,Qi), ® L )- 

K i-> A' v is a contravariant functor on D b (X, Q { ) 
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There exist functorial isomorphisms 

% K : H*(X, K w ) ^ H*[X, KY 
defined by the composite morphism 

H'(X, K v ) = 



H\X, {-idxT{DK)) { ^^H'{X, DK) H'{X, K) y 



with the last isomorphism given by Poincare duality. 

Lemma 4. For complexes A,Be D b c (X, Qi) and complex maps 92 : A — > B and 
dual ip v : B y — > A y the following diagram commutes (i is a functorial isomor- 
phism) 

H'(X,B V ) H'(X,B) V 

H'(X,A V ) H'(X,A) V 
and the natural identification Xa ■ A — » A vv induces a commutative diagram 

H'(X,A) H'(X,A^) 



H'(X,A 



v w 



Proof : The first statement is easily reduced to the functoriality of Poincare duality. 
Also for the second statement one reduces to the commutativity of the diagram 

H*(X,A) H'(X,D{D{A))) 



H'(X,A) 



vv 



PDj 



H'(X,D(A)y 



By mi, 1.2, p. 155 and EH, lemma 3.2.3, p.583 Poincare duality 

PD A : H'{X,D{A)) ^ H*(X,,4) V 

is induced from the pairing H*{X, DA) x H*(X, A) -> ff'pf, D(A)<g> L A) followed 
by H*(X,evA) using the evaluation eu^ : D(A)<g) L A — > = Qj,x[2<7]. Here we in 
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addition used, that X is smooth and therefore K x = Qi,x[^9\- Now compare with 
H'(X,D(D(A))) xH'(X,D(A)) -> H'(X,D(A) ® L A) (up to switching sides) as 
required in the last diagram, by the commutative diagram of 11231 . 3.2.3.8 



A® L D(A)[-2g] 



1pA,D(A) 



j A <8 L id 



D(D(A)) ® L D(A)[-2g] 



ev A 



D(A)[-2g] ® L A 

The condition of loc. cit are satisfied for the category (D h c (X, Q t ) 
see proof of lemma [3l This completes the proof. 



) L ). For this 



For a homomorphism / : X — > Y between abelian varieties the relative Poincare 
duality theorem implies 

Rf*(K) v = RU{K W ) . 

Since homomorphisms are proper, Rf* preserves purity of complexes and maps 
direct sums of translates of pure perverse sheaves to direct sums of translates of 
pure perverse sheaves by Gabber's decomposition theorem. Furthermore there 
exist functorial isomorphisms 

(K * L) v K v * L v 

since DK * DL D(K * L) and {-id x )*{K * L) = {-id x )*{K) * (-id x )*(L), 
which follows by basechange from the cartesian diagram 



X x X 



X 



-idx x —idx 



-id* 



X X X 



X 



Since v is a (contravariant) tensor functor with respect to the convolution, this 
usually allows to identify K and K yy and / vv and /, such that (K y * K) y = 



2.2 The Grothendieck ring K* (X) 

Let K°(Perv(X)) denote the Grothendieck group of the abelian category of per- 
verse sheaves Perv(X). Let t 1 / 2 denote an indeterminate and consider the 'en- 
larged' Grothendieck group 

K°(X) = K°(Perv(X)) ® % Z^ 2 ,t~ 1 / 2 } . 
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As a variant we may also consider K°(Perv(F, X)) ®% Z[F] for the larger group 
Z\F\ containing Z[t 1 /2 ; £-i/2] ( see [KF], p. 189) or the Grothendieck of the abelian 
category Perv m (X) of mixed perverse Weil sheaves. Notice that Verdier duality 
'acts' on the Grothendieck group and this action is considered to be extended 
to the ring Zft 1 / 2 , t^ 1 / 2 ] by Dt ±x l 2 = t Tl / 2 . Pars pro toto we restrict ourselves 
to the subcategory of mixed perverse Weil sheaves, in the case where k is the 
algebraic closure of a finite field. The other cases are similar. Under the as- 
sumption made each irreducible object in Perv(X) is a pure complex of some 
weight w <G Z, which defines a weight graduation in the enlarged Grothendieck 
group. It is easy to see, that the convolution product induces a ring structure on 
the enlarged Grothendieck group. For simple mixed perverse sheaves K and L we 
have K * L = ® v ^A v \v\(y /2) for irreducible perverse sheaves A v using Gabber's 
theorem (for simplicity we choose a square root of q to define the half integral 
Tate twists). We define the product of the classes of K and L in the extended 
Grothendieck group to be J2u cl(A v )t~ u l 2 . This makes the enlarged Grothendieck 
group into a graded ring with respect to the weight filtration. The unit element of 
this ring is the class of the perverse skyscraper sheaf So, which is concentrated in 
the neutral element Oel. Assigning to a perverse sheaf K its Betti polynomial 
h{K, t) 

h(K,t) =^2h u (X,K) -t u / 2 , h u (X,K) = dim H U (X,K) 

defines a ring homomorphism 

h:K°(X)^Z[t 1 / 2 ,r 1 / 2 ] 
by the Kiinneth formulas. Since cl(Sx) * cl(K) = cl(Sx) ■ h(K, t) we now define 

K4X) = K^X)/^ 1 / 2 ^ 1 ' 2 ] ■ cl(S x ) . 

K*(X) with its weight graduation is a graded ring, an enhanced version of the 
usual homology ring (H*(X, Z), *) of X endowed with the *-product (dual to the 
cohomology ring endowed with the cup-product). In the following we often do not 
distinguish between perverse sheaves K on X and their classes cl(K) in K*(X), 
writing K in both cases for simplicity whenever there is little danger of confusion. 
t is an element of weight 0. h induces a ring homomorphism 

K^X) Z[W 2 , t-^/hidx, t) - Z[t 1 /2 > t -i/2 ]/(t i/2 + 2 + r 1/2 )P j 
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which under the specialization t 1 / 2 i-» -1 becomes K i-» ~}2(-l) v h v (X, K). 

The degree deg t i/2 (h(K, t)) of h(K, t) is called the degree of K, which is < g — 1 
for a perverse sheaf K on X without a nontrivial constant perverse quotient sheaf. 
Similar degree deg t -i/2(h(K,t)) > g - 1 for a perverse sheaf K on X without 
a nontrivial constant perverse subsheaf on X. If for K e Perv(X) the highest 
exponent of /i(if, i) in i 1 / 2 and t -1 / 2 is < i, we say if is of type i. if is of 0-type, 
if h(K, t) is a constant polynomial. If if is pure and of type i, subquotients of if 
are again of type i. Also the Verdier dual D(K) and if v . If if and L are of type 
i, their direct sum is of type i and their convolution product of types i and j is of 
typei + j. 

Lemma 5. For a perverse sheaf K without constant quotient or constant perverse 
subsheaf, such that K * K = d ■ K holds in K*(X) for some integer d / 0, the 
polynomial h(K, t) is constant. 

Proof : R = Z[X,X- 1 ]/(X+2+X~ 1 )9 ^ Z[X, X' 1 ]/ (X + l) 2 9 ^ Z[X]/(X + 1) 2 9 ^ 
Z[e]/e 29 . Therefore K * K = d ■ K for some integer d / implies P(P - d) = in 
R for the residue class P of h(K, t) in R. Either P e (e) and P = using P 2 = dP, 
or P (e). But then P £ R* and P(P - d) = implies P = d. 

Functoriality : A homomorphism / : X — > y between abelian varieties induces a 
ring homomorphism /* : -> K°(y) by if ^ Rf*(K). 

2.3 Translation invariance 

For the skyscraper sheaf <5o concentrated at the neutral element € X we have 
if * So = K . More generally K * c),^} = T* X (K), where x is a closed A;- valued 
point in X and where T x (y) = y + x denotes the translation T x : X —> X by x. In 
fact 

T y *(if * L) ^ r;(if ) * L = K * T*(L) 
holds for all y e X(k) by the proper basechange theorem using the diagram 

X x X 

T v xid 

X x X 



X 



X 
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For K e D b c {X, Qi) let Aut(K) be the abstract group of all closed A;- valued points 
x of X, for which T*(K) = K holds. A complex K is called translation-invariant, 
provided Aut(K) = X(k). As a consequence of the formulas above, the convolu- 
tion of an arbitrary K e D h c (X, Qj) with a translation-invariant complex on X is a 
translation-invariant complex. In fact Aut(K) is contained in Aut(K * L). 

Suppose K is a translation-invariant perverse sheaf on X. Then each irreducible 
constituent of K is translation-invariant (e.g. use Lemma [T3~1). Since K = 5e for 
some triple (E, U, Y), where E is a smooth etale sheaf on U with Zariski closure 
Y = U, translation invariance of K implies Y = X, since the subvariety Y is 
uniquely determined by K. Hence E must be a translation-invariant Q r sheaf over 
a Zariski open dense subset U of X. E corresponds to some Q r adic representation 

PE :7T 1 (X\V E ,x )^Gl(E Xo ) 

for the etale fundamental group of some open dense subvariety U = X \ Ve of 
the abelian variety X and some geometric point x in U. Suppose Ve is chosen 
minimal. Then Ve is the ramification divisor of the Z-adic coefficient system E. 
Ve must either have dimension g - 1, or otherwise it must be empty by the purity 
of branched points. If Ve is empty, then the coefficient system E is smooth on X, 
and E corresponds to a representation of the etale fundamental group ir\{X, xq) 
of X. The group ni(X, 0) is abelian for an abelian variety X (this also holds 
for char(k) / by [22], p. 167). The irreducible Q r adic representations E x of 
iti(X, 0) = ni(X) ab correspond to continuous characters (for this notion see [fT5ll . 
P-9) 

X G i!om cont (7ri(X,0),Q*) , 
which correspond to projective limits of characters of finite quotient groups 

7Q(X) a 7n • 7n{X) ab ^ Pic°(X)[n}* 

(see [[20], p. 132). Since the automorphism x i-> — x acts on the first etale coho- 
mology E 1 {X,'Li) via multiplication by -1, we obtain (-id x )* E x [g] = E x -i[g] = 
D(E x [g\). If K is a translation-invariant perverse sheaf, the ramification divisor 
Ve of the underlying smooth sheaf E must be translation-invariant. This gives a 
contradiction unless Ve = 0- Therefore an irreducible translation-invariant per- 
verse sheaf on X is of the form 5e = 6 X for the rank one smooth Q r sheaf E = E x 
attached to some continuous character % '■ ki(X,0) — > Q ; *. Conversely for any 
such character the perverse sheaf 5 X is translation-invariant. It is enough to show 
this for characters m(X,0) — > /i n . The group X acts trivially on Pic°(X) via 
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C i ^ T*(£) Hence it acts trivially on H 1 ^,^) ^ Pzc(X)[n] = {a e 

Pic(X) | no} = 0, since Pic(X)[n] is contained in Pic(X) (the Neron-Severi 
group is torsionfree). 

For the trivial character x the sheaf complex E x [g] = Sx is translation-invariant in 
the stronger sense, that a*(5x) = wti^x) holds for the morphisms 



X x X ^ X 

pr 2 

defined by the addition a and the second projection pr 2 . Conversely, suppose K is 
an irreducible perverse sheaf on X such that a*{K) = pr^K) holds. Then K can 
be rigidified along the zero section ([KW], p. 187), thus becomes X-equivariant 
([KW],p.l88). Hence K 5 X by [KW] lemma 15.5. Notice, this implies 

S x *K =s 5 X ®H*(X, K) 

for all complexes K. In fact a o p = pn holds for the automorphism 

p: XxX->XxX 

defined by p(x,y) = (x - y,y). Now p*(5x ^ K) = p*{prl(5x) <8> pr%(K)) = 
(j>rip)*(5x)®{pr 2 pf(K) = (pr^-idx))* (6 x )®pr* 2 {K) 5 X ®K since (-id x )*S x * 
Sx- We have a commutative diagram 

X x X ^X x X . 




X 



Hence S x * K = Ra,{5 x ® K) = Ra*Rp*(p*(5 x B if)) Rpr u (S x ® K) = 
5 X <8> i?r(X, IT), which proves the assertion <5 X * if =s K) ® S x . 

Now we return to the case of translation-invariant irreducible perverse sheaves 
E x . Notice p*(E x M E x >) = E x M E x , i x ; it is enough to show this for etale torsion 
sheaves, where it suffices to compute this in ^{X x X, p n ) = Pic°(X x X)[n] = 
Pic°(X)[n] x Pic°(X)[n}. Using this one shows as above E x * E x > = Ra*(E x M 
E x ,) = Ra*Rp4p*(E x m E x ,) ^ Rpr u (E x M E r/x ) = E x ® RT(X,E x , /x ). Now 
RT(X,E X ) = for a nontrivial x- To see this again it suffices to consider etale 
torsion Ax-module sheaves E for an Artin if -Algebra A. Then we can assume 
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l-E = for some integer I. Hence E is a direct summand of the direct image Rl*A x 
of the multiplication map / : X — ► X. Then H'(X,E) = for all nonconstant 
summands, since H'(X, A x ) = H'(X, Rl*(A x )). This proves the claim, since the 
direct image Rl*(A x ) also contains the constant sheaf Ax as a direct summand. 
This proves the vanishing property claimed above, and implies E x * E x > = for 
all X / x'- Therefore 

5 X *5 X = 5 X ® H*(X,5 X ) 

6 x * S x' = . X + x' ■ 

Finally, since for pure perverse sheaves K the convolution 5 X * K is translation- 
invariant, Gabber's decomposition theorem implies the formula 5 X *K = J2 X > m (x') 
5' x (in the extended Grothendieck group K®(X)) with certain coefficients m{x') € 
Z^ 1 / 2 ,*- 1 / 2 ]. If we multiply by 5 X , we obtain h(X, 5 X )-S X *K = h{X,6 x )m(x)-6 x . 
Hence 5 X * K = m(x) ■ 5 X (the additive group of K®(X) is torsion free, since the 
subcategory of Perv (X) generated by pure perverse Weil sheaves is semisimple). 
By a comparison of the stalk cohomology at the point we then obtain 

5 X * K = m(x) ■ 6 X 

m(x) = h(t, x~\K) = Y,h v (X,K®E x -^)- fl 2 . 

The subcategory Perv(X) inv of the abelian category Perv(X) consists of all per- 
verse sheaves, whose irreducible constituents are translation-invariant, is a Serre 
subcategory. Let denote 

Perv(X) 

the corresponding quotient abelian category of Perv(X). The subcategory T(X) 
of all K G D b c (X, Q,), for which P H U {K) e Perv{X) inv , is a thick subcategory of 
the triangulated category D b c (X, Q z ). Let 

denote the corresponding triangulated quotient category. Then the convolution 

* : D b c (X,Qi) x D b c (X,®i) - D b c (X, Q,) 

remains well defined. Furthermore, for a surjective homomorphism / : X —> Y 
between abelian varieties the direct image Rf*(K) of a complex K e T(X) is in 
T(y). Hence Rf\ induces a functor -» D b c (Y,Qi)- 
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2.4 Stalks of convolution products 

For K,L e D b c (X, Qj) the stalk cohomology groups at a point z e X(k) of the 
convolution product K * L are 

H-»(K*L) Z = H-^a- 1 (z),KmL\ a - 1 (z^ . 

a~ l (z) is isomorphic to X and consists of the points (x, z — x), x G Hence 

H- U (K*L) Z = H-»(X,K® L ^* Z {L)) . 

For fixed z e we abbreviate M = ^>* Z {L). Then there exists a spectral se- 
quence converging to H~ V (X, K (g> L M) 

W (X, W (K ® L M)) H i+j (X, K® L M) . 

For N = K (g> L M notice W{N) = @ a+h=j H a {K) ® TC b (M). The d 2 -terms look 
like 

iP-^X^+^AT)) H i {X,n j+1 {N)) H i+1 (X,n j+1 {N)) 




iP _1 (.X",W'(iV)) IP(X,W(N)) H i+1 (X,W(N)) 




iP-^W'-^JV)) H i (X,W- 1 (N)) ^ +1 (X,W'- 1 (iV)) 

2.5 A vanishing theorem 

For K and L in D^(X,Q Z ) notice 

RHom(<p* z (L),DK) D(cp* z (L) ® L DDK) D(ip* z (L) ® L K) . 
By Poincare duality this induces an isomorphism 

H u {X,RHom{^* z {L),DK)) H~ U (X, (p* z (L) ® L K) v . 

Here F v = Hom^ (V, Q z ) denotes the dual vector space. On the other hand, as 
already shown, 

H- u {X,v* z {L)® L K) v H- u {L*K) y z H- U ((L*K) Z ) V . 
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Hence 

H u (X,RHom(<p* z (L),DK)) H~ U ((L * K) z ) v . 

Now assume K,L e P D^°(X). Then DK e P D^°(X) and <p* z (L) e P D^°(X). 
Hence the cohomology groups K V (X, RHom((p* z (L), DK)) vanish for all v < 
(see e.g. [KW] lemma III.4.3). For v = we obtain 

Hom Perv ( X }( p H° ((p* z (L)) , ' p H° (DK)) = Hom^^^L)), DK) 

= H°(X,RHom{ip* z (L),DK)) = H°(X, RHom(<p* z (L), DK)) . 
This implies 

Lemma 6. For semi-perverse K,L £ P D-°(X) the following holds 

1. For v > the stalk cohomology H U (DK * L) z = vanishes for all z e X. 

2. For is = the dual of the stalk cohomology at z £ X(k) is 

7i°(L * DK) y z - Hom Pervix) ( p H (^ z (L)), p H°(K)) . 
This isomorphism is functorial in K and L. 

Corollary l.IfL and K are irreducible perverse sheaves on X, then 

{z | H°(L * K) z + 0} = {z e X | ifil(L) * DK} , 

hence 

supp (n°(L * K)j = {z £ X | ip* z (L) DK} . 

{z e X | ip* z (L) = DK} is a torsor under Aut(K), and is contained in the closed 
subset 

S(K, L) = {z£X\z- supp{L) = supp(K)} . 
Under the assumption on K and L of the last corollary 

supp (h°(K * L)) C S{K, L) . 

Notice DK = (p* z (L) is equivalent to K v = T*(L). For irreducible perverse 
sheaves K and L therefore 



22 



• H°{K *L) Z = if K y ¥ T*{L). 

• n°(K * L) z ^ % ifK v ^ T*(L). 

Corollary 2. For K,L G Perv(X) we have functorial isomorphisms 

Hom Perv(x) (K,L) * H°(K*L V )V. 

Now suppose the convolution K * L v is still a perverse sheaf. Since the coho- 
mology sheaf H°(M) of a perverse sheaf M is supported in a finite set of closed 
points, H°(K * L v ) v must be a skyscraper sheaf. Hence Hom Perv ^ X ){K, L) = 
r{ }(X, H°(K * L v )) (sections with support in 0). For a translation-invariant sheaf 
G on the other hand T {0} (X, H°(K * L v )) = 0. 

This being said, let Perv(X)' be a subcategory of Perv(X) closed under K i-> K v , 
such that for all K,L £ Perv(X)' the complex K * L v e D b c (X, Q { ) is a direct sum 
of a perverse sheaf and a sum ®^T^[^] of translation-invariant perverse sheaves 
T v G Perv(X). Then the image of Perv(X)' in the quotient category Perv(X) 
defines a category Perv(X)' for which convolution 

* : Perv(X)' x Perv(X)' -► Te^(X) 

is well defined. 

Corollary 3. Suppose Perv(X)' is a semisimple subcategory of Perv(X) such 
that for all K,L G Perv(X)' the complex K * L y G Q^) j's a direct sum 

of a perverse sheaf and a sum @ v T v [v] of translation-invariant perverse sheaves 
T u G Perw(X). TTzen we have functorial isomorphisms 

Hom^xy^L) - r {0} (X,W°(K*L v ) v ). 

Corollary 4. For K,L,T G Perv(X) suppose T * K G Perv(X) and K v * L G 
Perv(X). Then 1) there exists a canonical isomorphism 

vt,k,l- Hom Perv ( X ) (T * K, L) Hom Perv{x) {T, K v * L) . 

For Ti G Perv(X) now suppose Tj * K G Perv(X). Then 2) for a morphism 
f G Hom Perv (x)(T2,Ti) the induced diagram 

Hom Perv ( X )(Ti * K, L) Hom Perv{X )(Ti, K w * L) 

Hom PerviX )(T2 * K, L) "^—i Hom Perv ( X ){T 2 , K w * L) 
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is commutative. Furthermore, if the assumptions Ki G Perv(X), T*Ki G Perv(X) 
and if 4 v *Le Perv(X) hold for i = 1,2, f/zey hold for if = if i if 2 such 

that VT,K t ®K 2 ,L = ^T,K U L © ^T,K 2 ,L- 

Proof : Hom Perv(x) (T * K,L) H°((T * A") * L v )^ ft°(T * (if * L v ))^ 
H°(T*(K v *L) v )v ^ Hom Perv(x) (T, if v *L) by corollary^ These isomorphisms 
are functorial in T provided the underlying convolutions T * if are perverse. The 
isomorphisms obviously are additive in if. □ 

Assume K,L,K V * L e Perv(X). Then for T = 6 (also denoted T = 1 in the 
following) the assumptions are fulfilled. Hence 

(if, L) = Hom Perv ( X )(l, if v * L) . 

An important case is T = if v and L = 1. Assume if and if v * if G Peru(X). 
Then the isomorphism i/jjv^i gives an evaluation map ew^- : if v * if — > 1 via 

evjt G Homp erv (x)(K V * if , 1) = Hom Perv ^ x ^(K v , if v ) 3 idx^ ■ 

By the partial functoriality stated in the last lemma one has under the assumptions 

T,K,L,T * K,K V * L G Perv(X) and if v * L * K G Perv(X) a commutative 
diagram 

5 G Hom Perv{x) (T * if, L) ^ Hom Perv ( X) (T, K v * L) 3 f 

r /* 

et> G Hom Perv r x \(K v * L* K,L) U ' <V * L - K > L Hom Perv ^ X ){K w * L,K W * L) 3 id 

In other words, under the assumptions made, there exists for g : T * if — > L a 
unique / : T — > if v * L making the diagram 

T*if 

(if v * L) * K L 

commutative. Compare (61 (1.6.1). 

In special cases there exists a more direct way to describe vt,k,l- 
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Lemma 7. For K, L e p D^°(X) one has Hom Db(xMi) (K * L v , 1) ^H°{K*L W )% 



via adjunction for the right arrow 

K*L V 



3! 



H°{K*I> 



Proof : By standard truncation Hom Db , X QJK * L v ,5 ) = Hom Et ( X ){' r i (K * 
L v ),5 ) using 5 E S *-D^°(X,Q,) and-fC*^ e st D^°(X,Qi) (lemmaiU). By defi- 
nition the right side is Hom Et (x)(7~(- (K * L v ), _Ri 0i *Q/ ; o) where i : {0} — > X is the 
inclusion map. By adjunction this is Hom Perv ^(iQH (K*L v ),Qi) = H°(K*L V )^. 

For K G Perv(X) this gives a more explicit description of the morphism 

evx ■ K v * K = K * K v — ► 1 , 

which by Hom Perv{x) (K, L) s ft°(if*L v )V Horn^^^K*^ 1) (combining 
corollary |2] and lemma|7]) corresponds to the identity map idx £ Hom Perv ( X ) {K, K) 



2.6 Rigidity 



In a monoidal category P in the sense of lfP3~1 . p. 113), as for example in (D b c {X, Q t ), *), 
an object K is called rigid (or dualizable in the sense of (H (0. 1.4)), if there exists 
an object L together with morphisms 5 and ev 

6 : 1 — > K * L , ev : L * K — ► 1 , 

such that the following two rigidity statements hold: The composite morphisms 

K = 1 * K — (K*L)*K = K*(L*K) K * 1 = K 

L = 1 * L ^ {L*K)*L = L*{K*L) J^- L * I = L 

are the identity idjc respectively the identity idi. Then L is called the dual of K. If 
such a triple (L, 6, ev) exists, it is unique up to a unique isomorphism ( |fT3~l , p.l 13). 
If all objects of P are rigid, the category is called rigid. 
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Let us consider the category P of pure complexes in D b c (X, Q z ) of geometric ori- 
gin. Since the associativity constraints are strict, for some given evK ■ K v *K — ► 1 
we may try to define Y to be K v and 5k to be hk • (ew^) v for some hk £ Qz* us- 
ing the contravariant functor (.) v and the evaluation maps evx already defined at 
the end of section I2T1 We obtain a commutative diagram (*) defining 5 k via the 
identification X K : K s iC vv and l v = 1 



1 =->■ K * K v 

If the first rigidity formula holds for (K v , ev K , ev%), then also the second: The 
last diagram (*) and its dual (*) v , the dual of the first rigidity formula together 
with (\k) v = (A^v) -1 (lemma 13) show, that the diagram 

(i^ vvv * K vv ) * K v 



1*K 




fi K -ev K *L 



(id*\ K )*id 

(K v *K)*K y = 



K y * (K vv * 



K y * 1 = K x 



id*(\ K *id) 



(*) 
id*5 K -^ 1 



K y *(K* K y ) 



is commutative. The middle line composed gives the identity morphism of K y . 
Hence the lower morphisms composed also give the identity morphism. This 
shows, that it is enough to find a morphism ev%, which together with 5k = • 
(evK) v satisfies the first rigidity property. 



Now we make the 



Assumption: K e Perv(X) is simple of geometric origin. 
Then End Perv ( X )(K) = Q z . By lemma[2]und|7] 

dim(Hom Db ^ x ^(K v *K,1)) = 1 . 
Hence up to a scalar there is a unique possible choice for evK- 
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Step 1 . Therefore, by the irreducibility of K the first rigidity property holds for a 
suitable generator of 

Hom Di(xM l )^ KV 

if and only if the composite map K — ► K, given in the first rigidity formula, is not 
the zero map. Whether this holds can be checked from the induced endomorphism 
H*{ev K ) : H'{X,K) -» H'{X,K) provided H*(X,K) does not vanish. That this 
can happen is evident in the case K = 5 X for a nontrivial character x- However in 
the case where K v * K e Perv(X), which will be relevant for us later, the decom- 
position theorem implies H'(X,K) ^ 0, since 1 = <5o then is a direct summand 
of the pure complex K v * K in Perv(X). Hence H*(X,K) ^ by the Kiinneth 
formula. So we make the additional 

Assumption: H'(X,K) + 0. 

We then want to determine the map 

H'(X, K v * K) H '-^ } H*(X, So) 
(up to a nonvanishing scalar in Qj) induced by a fixed generator 

evx '■ K y * K —* 5q 
of the one dimensional Q r vectorspace Hom Db ^(K y * K, S ). 
Step 2. There exist functorial isomorphisms 

% K ■ H*(X, K y ) ^ H'(X, K) w 
defined by the composite morphism 

H'(X, K v ) = H'(X, {-idx)*{DK)f^^H 9 {X, DK) H'(X, K) v 

with the last isomorphism given by Poincare duality. For K,L e D b c (X, Qj) there 
exist isomorphisms c^l 

c k ,l : H'(X, K * L) = H*(X, K) <g> s H'(X, L) 

defined as the composite of the following isomorphisms 

H'(X,K*L) = H'{X,Ra*{KML)) ^ H'{XxX,KML) H'(X, K)<g) s H'(X, L) . 

The second morphism comes from Leray, the third from the Kiinneth formula. 
These functorial isomorphisms make H'(X, — ) into a tensor functor in the sense 
of 0.2.7. 
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Lemma 8. The isomorphisms ck,l define a tensor functor ( 0-functorACU) 
H'(X,-): p c b (X,Q,),*)^(F eC |,® s ) 

from {D b c {X, Q { ), *) to the tensor category (Vec^- , <g> s ) of %-super-vectorspaces. 

Proof : The Kiinneth theorem implies (cA,B® s id)ocA*B,c = {id® 8 cb,c)°ca,b*cA-^ 
compatibility with associativity. Compatibility of the commutativity constraints 
can be reduced to the commutativity of the diagram 

H*{X xX,KML) »- H*(X xX,LMK) 



Kuenneth 



Kuenneth 



H'(X, K) ® s H'(X, L) su P erconstramt i H ,( Xj L) ^ H .( X ^ K } 

For this, one can assume K and L to be replaced by injective resolutions. Then this 
follows immediately from the definition of the complex constraints ip P ri(K), P r;(L)) 
and the Kiinneth isomorphism. The case of unit object is trivial. 

In particular we now have the functorial isomorphisms 

(i K ® id) o ck^k ■ H'(X, K v *K)^ H'(X, K) y ® s H'(X, K) . 



Step 3. For/(x,y) = y-x 



f 



X x X--^X 

X x X-^-^X 
we have an associated commutative diagram 

H'(X, K y *L) 



(-idx)'x 




H 9 (X, Ra*(K v mL)) 
H*(X xX,K v ML)- 




(—idx)* Xid 



H*(X, K y ) ® s H*(X,L) 



(-idx)'t 



H'(X, Rf*(D(K) M L)) 

Leray 

H*(X x X, D(K) M L) 

Kuenneth 

■H*(X,D(K)) <g> s H'(X,L) 
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If we compare (i K <g> id) o ck^,k with the map, which is obtained from going down 
the left side (which is ck^,k) and then along the bottom line of the large diagram, 
we obtain an alternative description of (ix <8> id) o ck^,k as the composite 

H'(X,K V *K) = H'(X,Rf*{D(K)mK)) 

^ H*(X x X, D(K) H'(X, D(K)) ® s H'(X, K) 

^ H'(X,K) V ® s H'(X,K) . 

The second isomorphism comes from Leray, the third from the Kiinneth formula, 
the last from Poincare duality. 

Our aim: We would like to know, whether the tensor functor H* (X, — ) : D h c {X, Q t ) 
Vec^ (defined using the above identification isomorphism), makes the following 
diagram commutative 



H'{X,K) y ® s H*{X, K) 



ev K 



H'(ev K )oc K 1 v K o(i K 1 xid) 



So >//•(*,£„) -Q, 

i.e. maps evx for a suitable choice of evx to the canonical evaluation map eval of 
(Vec±,®°) 

? 

H (X, evx) = eval o (i K x id) o ck^,k • 

Step 4. Notice H*(X,6 ) = fl°({0},t5(Q,)) = Q t for the closed immersion i : 
{0} X. Hence H'(ev K ) factorizes over the cohomology in degree zero 



K v *K) 

H'(ev K ) 

H'(X,6 ) 



H°(X, K w * K) 

H°(ev K ) 

■H°(X,5o)=®i 



Step 5. For any f : Y ^ X and complex map 99 : L — ► L' one has a commutative 
diagram 

tf*(X,L) *H'(Y,f*(L)) 



H'(X,L') *H'(Y,f*(L')) 
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for the canonical morphisms H'(X, L) — > i?*(Y, f*(L)), denoted resi in the case 
of closed immersions f : Y ^ X. Applied for a complex map 92 : L — > 1/ = <5o = 
«o*(Qz) we get - with L = if v * if in mind - the following commutative diagram 



H°(X,L) 
H°(X,5 ) 



■#°({0},iS(L)) 



■ff°({o},t8(*>)) 



where zj$(5 ) = i^o*Q/ = Qz- 

Step 6. We compute the restriction maps of step 5 for L = Rf*(DK Kl K) via the 
proper base change using the diagram 



X x X 



Ax 



/ 



-^X 



la 

{0}. 



For the diagram of step 5 (see also step 3) 
H°(X, K v *K) = H°(X, Rf* (DK M K)) 

H a (ev K ) 

H°(X,8 ) 



H°({0},i*(RMDKMK))) 



this expresses i* (Rf*(D(K) B K)) by Rf*(D(K) B K\ Ax ) = Rf*(D(K) <g> L K), 
where the latter is a complex over {0} = Spec(k), hence can be identified with 
H'(Ax,D(K) <g) L K), making the following diagram commutative 



H°(X x X,D{K)MK) 

Leray ~ 

Rf*(DKMK))- 



S -^H°(A X ,D(K) ® L K) 

~ Leray 

H°({0},i*(Rf*(D(K)mK))), 



with the vertical isomorphisms being of Leray type. Since the Kiinneth isomor- 
phism is defined by cup-product, and since cup-products are functorial with re- 
spect to pullbacks (this follows immediately from their definition given e.g. in 
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ETI . p.l67ff), we have a commutative diagram 



0, ez H*(X, D(K)) ®° H'^X, K) H°(A X ,D(K) ® L K) 



Kuenneth 



H°(X x X,D(K) M K) 



H°(A X ,D(K) ® L K) 



Notice, for the closed immersion i x ■ A x -*IxI and the map res = i* x this uses 

i x (pr\{x) U prl(y)) = i* x (jrr\(x)) U i* x {prl(y)) = x U y, and Kuennethix (g> £ y) = 
pr\{x) M prZ,(y). 

Let Kx denote the dualizing sheaf on X. The Poincare duality map ( ll2"9ll , sec- 
tion 1.2, p. 155 together with [|28l . lemma 3.2.3, p. 583 with L = A the constant 
sheaf) it is obtained by composing the cup product H~ l (X, D(K)) ® s H l (X, K) — > 
H°(A X ,D(K)® L K), with the map S K induced by DK® L K = KHom(K,K x )® L 
K — > K x on the zero-th cohomology group, and the canonical isomorphism 
H°(X,Kx) = Qi- There are several equivalent possibilities to describe the cup 
product (see [|2"T1l . V§1, p.l67ff and in particular prop. V. 1.1 6). Composing all the 
recent commutative diagrams, we obtain the following commutative diagram 



® i& IP(X,K) 

PD®Hd 



H*(X, K) 



aval 



@ i& H-\X,D{K))® s W{X,K) 

Kuenneth ~ 

H°(X x X, D(K) M K) 

Leray ~ 

H°(X, RfJ(DKMK)) 



H°(X, K v *K) 

H°(ev K ) 

H°(X,8 ) 



H°(A X ,D(K) ® L K) 



— ^H°(A X ,D(K) ® L K) 

~ Leray 

H°({0},i*(Rf*(D(K)®K))), 



io(ev K ) 



By step 3 the left vertical map from top to bottom is H*{cvk) ° c K \ K o (i^ 1 x id). 
By lemma[7]the map i^evx) is nonzero, since evx was chosen to be nonzero. So 
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complete our aim it is enough to show, that all Q r vectorspaces on the right side 
of the last diagram are one dimensional. Since Sk is surjective (Poincare duality 
is nondegenerate), and ^(ev/r) is nonzero, this implies that all vertical maps on 
the right side are isomorphisms, as well as the bottom horizontal map. Hence the 
composition of this map is given by multiplication with a nonzero constant in Q t . 
This constant therefore is 1, if evx was chosen suitable. 

Step 7. It remains to show H°(A X ,D(K) ® L K) s Q t . Let K = i*(6 E ) for 
i : Y ^ X be the support of K. Notice K = i*(5 E ) and D(K) = 8% G Perv(Y), 
where E\u = (E\u)* holds on a smooth open dense irreducible subset U of the 
support Y of K. E\u is an irreducible smooth Q r sheaf on U. Let d denote the 
dimension of Y. We claim 

H (A Y ,D(K)® L K) H°(Y,\ E ®\ E ) H 2 c d (U,E*®E) H™(U,Qi,u) ^ Qi , 

where (E\u)* <g> E\ v — > Q tjU is the adjoint of id e Hom Et (E\u, E\u), and where 
Sp denotes the trace isomorphism. The first isomorphism either from section [231 
or from the spectral sequence exploited in section 12.81 the second from excision 
and standard vanishing theorems, the third from the vanishing theorems of etale 
cohomology implied by Poincare duality on U, and the last from the trace isomor- 
phism. We have the following commutative diagram 

H°(X, D(K) ® L K) H°(X, K x ) —^Qi 

I 

H°(Y, D{5 E ) ® L S E ) H°(Y, Ky) % 



H° C (U, (E\u)*[d\ ® E\u[d]) H° C (U, Kjj) Q t 

* s v _ 

H 2 c d (U, Q,) - 

The morphisms on the right side are the trace isomorphisms. Let j : U Y 
and i = iy : Y — > X denote the inclusions, and s x : X — > Spec(k) and 
sy ■ Y — > Spec(k) the structure morphisms. Then for a complex L with support 
in Y, i.e. L e i*(Z)£(Y,<Q)j), we have i*(L) = v{L) and the adjunction morphisms 
iJ(L) ^ L is an isomorphism. Hence H U (X,L) = H u (Y,r(L)) = H u (Y,i*(L)). 
Notice i*(A ® L B) = i*(A) ® L i*(B) and L = K ® L D(K) e u(D h c (YMi)- Hence 
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v(K (& L D(K)) =v{K® L RHom{K,K x )) = i* (K ® L RHom(K , K x )) = i*(K)® L 
i*{RHom(K,K x )) = S E ® L i l (RHom(K,K x )), since K = i*(5 E ) and D{K) = 
i*(D(6 E )). Now use v(RHom(A,B)) = RHom(i* (A) , v (B)) and K x = Sx(Qz) 
and K Y = s y (Qz) = i[ s l x(Qi) = H K x) to obtain v(K ® L D(K)) = 5 E ® L D(5 E ) 
and Ky = v(Kx)- Therefore, if we apply v to the evaluation a : K ® L D(K) — > 
K x , we obtain the evaluation v(a) : 5 E L D(5 E ) — > Ky. This gives the upper 
left commutative diagram induced by r using K, D(K) e i*(D b c (Y, Q t ). The sec- 
ond commutative diagram below is obtained similarly by the restriction j* = j l 
and the natural adjunction map Rj\j*(L) — > L. Notice, as explained above, 
that this map induces an isomorphism H®(U,L\u) — > H°(Y,L) on the first co- 
homology group for L = 5 E ® L D(5 E ). Similarly H^(U,K V ) -> H°{Y,K Y ) 
by = j'(-Ky) = j*(.KV). Commutativity of the lowest part of the last dia- 
gram is obvious. The composed map H®(U,Ku) — > i?°(F, i£y) — > H°(X,Kx) is 
an isomorphism. To show this, observe that one can find an open dense sub- 
set V C X, such that V n F C f/. Hence without restriction of generality 
V n Y = U, and U c y is a smooth pair. Then H^{U,K V ) = H 2d (U,Qi) and 
H°(X,K X ) = H 2 9(X,%) = Hc 9 (V,Qi), and the isomorphism comes from the 
Gysin map via the purity theorem {i\u) [ Qiy = Q;,c/[ 2 ^ - 2g]. See [|28]|, XVI, 
theorem 3.7. 

Together the last steps imply 

Corollary 5. Suppose K e Perv(X) is an irreducible perverse sheaf, such that 
H*(X, K) ^ (e.g. -fT v * .FT € Perv(X)). Then for a suitable choice ofevx in the 
one dimensional Q r vector space Hom Perv ^ X ){K y * K, So) 

H*(X, evx) = eval o (i K x id) o ck v ,k 

holds. 

By step 7 and the last part of step 6 we also obtained 

Theorem 1. For an irreducible perverse sheaf K on a projective variety Y the 
diagram 

H'(Y x Y, D(K) B K) IT' (Ay, ® L 



!!•{)-. K ) s //*•}'. A' ;• 



S K o pr° 
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commutes, where the left vertical isomorphism n is composition 

H'{Y x Y,D(K)mK) ^ H*(Y, D{K)) ® s H*(Y, K) * H*(Y,K) V ® s H*(Y,K) 
of the Kunneth and the Poincare duality isomorphism. 

Suppose Y projective and smooth and K = by. Then in fact this is a version of the 
Grothendieck-Verdier fixed point formula [|30l . p. 101, [1291 , cycle, section 2.3 and 
also [21J, theorem 12.3 or [fT4l . p.155. In section 17721 we will use this description 
of Poincare duality in terms of nondegeneracy of the the cup-product (theorem [1} 
for K = 5y, where Y is a smooth projective curve Y. 

Step 8. We now show the dual version of corollary [5] by reducing it to corollary[5] 
For any complexes A,Be D b c (X, Qj) and complex maps cp : A — > B there exists a 
commutative diagram 

H'(X, (A * B) v ) »■ H*(X, A * B) v (H'{X, A) ® s H'(X, B)) v 

H*(X, A v * B v ) H*(X, A v ) ® H*(X, B v ) H'{X, A) v s H*(X, B) v 

For the other isomorphisms see step 2. In fact this corresponds to diagram 4.3.3.3 
of 112311 , since H*(X, — ) is a tensor functor by lemma [8j 

Now assume, that the diagram 

H (K y * K) — H(K V ) ® s H(K) l ^H{KY ® H{K) 

H{ev K ) 

H(l) 

commutes. We abbreviated H'(X, — ) by H(-) for simplicity. Then the dual of 
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this diagram becomes the right lower sub-diagram of 



H(K*K V ) 

H{\ K *id) 

H(K VV * 



H(K) ® s H(K V ) 

H(\ K )® s id 

J H{K yy ) ® s H{K v f!^H(K v ) v ® s H(K) 



H(K) <g> s H(Kf 



can® 3 id 



H((K V * K) v ) lKV ' K ; H(K y * K) v i CKV - K)V H(K V ) V ® s #(^)^£^tf(K)Vv ® s H(K) V 



H(l 




H(evl) 

HQ?) 

Using the first diagram of lemma|4](left bottom), the compatibility diagram stated 
above (middle) and the second compatibility diagram of lemma @] (right upper 
sub-diagram) together with functoriality (upper left diagram) we obtain 

(eval) v = (id %k) ° ck,k^ H(8k) ■ 

Ignoring the identification isomorphisms, this can be simplified to the statement: 

H(evK) = eval implies H(5k) = evaf . 

Step 9. By functoriality and (c a ,b ® s id) o c A * B ,c = (id s c B ,c) c a ,b*c 

H(S K )*id id*H(ev K ) 

H(l * K) — ^ H((K * K w ) * K) H(K * (K v * K)) H(K * 1) 



H(S K )® s id 

H(l) ® s H(K) ^ H(K * K w ) ® s H(K) 



c is is v 



H(K) ® s H{K V * K) ^ H(K) ® a H{\) 



id*c K \j K 



(H{K) ® s H(K V )) ® s H{K) = H{K) s (H(K V ) <g> s H{K)) 



1 ® s H{K) ■ 

we get: 



eval <S> id , 



(H(K) ® s H{KY) ® s H(K) = H{K) s (H{K) V ® s H(K)) 



H(K) ® 3 1 



H((idjc * evx) ° ($K * idx)) = (id ® s eval) o (eval <g> s id) = id 

is the identity of H'(X, K), since finite dimensional super- vectorspaces are rigid 
in Vec^ . 



By step 1 this implies, that K e Perv(X) is rigid with dual (K v , ev^.evx), if the 
conjecture above holds for K and if H'(X, K) 0. 
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Corollary 6. If K e Perv(X) is simple of geometric origin with H'(X,K) ^ 0, 
?/zen if is rigid. 

Finally for an additive, Q r linear karoubienne category P with the additional prop- 
erties listed in flU, 1.2. (examples will be the categories BAf and T(X) later) the 
following holds (flU 1.15) 

Lemma 9. Direct sums, tensor products of rigid objects are rigid. Direct sum- 
mands of rigid objects are rigid. 

Notice, that for a rigid pure complex K e Perv(X) and a homomorphism / : X — » 
Y between abelian varieties over k the direct image complex Rf*(K) e D b c {X, Qi) 
again is rigid, hence all its summands by the decomposition theorem. Taking 
such direct images of 5y as in corollary [6l and convolution products, direct sums 
and subfactors all give rigid objects. In particular, this implies that the abelian 
categories BM and T (X) defined in section I5T81 and 17 . 7 1 are rigid. 



Lemma 10. Suppose K\ — > K 2 — > K 3 - 

D^XjQ^, such that K\ and K 3 are rigid, 
rigid objects are rigid. 



ifi[l] is a distinguished triangle in 
Then also K 2 is rigid. Translates of 



Proof : For the first statement see [[T2l . Lemma IV. 1.2. 3. The second statement is 
obvious. □ 

Notice, that D b c (X, Q z ) is the derived category of the abelian category Perv(X) 
by a quite deep result of Beilinson [2J. The complexes K e D^.(X,Qi) with 
H'(X,K) = define a tensor ideal N, i.e. H m (X,K) = implies H'(X, K*L) =0 
for any L e jD*(X,Qj). For a distinguished triangle (f,g,h) : K\ — > K 2 — > 
K 3 — > i^i[l], for which K 3 e N and the morphism f : Ki —> K 2 factorizes 
over an element i^g G iV, the objects i^i,^ are also in N. Obviously / in- 
duces an isomorphism H 9 (X,f), which must be zero. Hence H*(X,Ki) = 
for i = 1,2. This shows, that N defines a thick subcategory. This allows to 
pass to the quotient monoidal category D b (X,Qi)/N. The canonical functor 
D^(X,Qi) — > Dc(X,Qi)/N is a tensor functor. Beilinson's result stated above 
and corollary [6] implies, that the full triangulated monoidal subcategory of com- 
plexes K G D h c (X, Qi), for which all simple perverse constituents of all perverse 
cohomology sheaves p H l (K) are of geometric origin, defines a rigid monoidal 
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subcategory of D^(X,Qi)/N. If k is the algebraic closure of a finite field, then 
by fundamental results of Lafforgue on the Langlands program every complex in 
D h c (X, Qj) is mixed. Using Beilinson's results stated above and the weight filtra- 
tion of mixed perverse sheaves, lemma [101 implies 

Theorem 2. If k is the algebraic closure of a finite field, then the monoidal cate- 
gory D b c (X, Qi)/N is a rigid monoidal category. 



2.7 Hard Lefschetz 

Assume that K and L are pure perverse sheaves of weights w respectively w' . 
Then K and L are semisimple by the decomposition theorem. The hard Lefschetz 
theorem for the projective morphism a : X x X — > X implies 

v{A) 

K*L = Q A[2u](u), 

A u=~u{A) 

where the sum ranges over finitely many irreducible pure perverse sheaves A e 
Perv(X) of weight w + w' . Hence in the Grothendieck group the class of K * L 
becomes 

A 

For [n] t = {t n l 2 - t- n / 2 )/(^/2 _ 4 -i/2) the class of K * L is £ A [1 + v{A)] t ■ A. A 
priori there are the following bounds 

v(A) <g-l, 

unless both K and L contain nontrivial constant perverse subsheaves. This follows 
from [fT51 m.l 1 .3, since a:IxX->Xisa smooth morphism with geometrically 
connected fibers of dimension g. On the other hand 

u(A) < dim supp(A) 

because H V (K * L) = by lemma[6]for v > 1. 
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2.8 Computation of H - 1 {K * L) 



Suppose K = 5e and L = 5f are irreducible perverse sheaves on X. Since 

U-\K * L) z = H-\X, K ® L <p* g (L)) , 
the spectral sequence of section [2~4l has E^-terms 

m a,b<0 

In the £ , 00 -limit7Y~ 1 (i ; r*L) z becomes a subquotient of m E™~ x ~ m . We consider 
now the single terms. For this assume a < b, otherwise switch the roles of K and 
L. Then, unless a = dim supp(K), we have 

dim supp(H~ a (K)) < a - 1 

by the /C-sheaf property [FK] prop. III. 9. 3 (4). Hence 2 • dim supp(U~ a {K)) < 
2(a — 1) < a + 6 - 1, hence the corresponding E^-term of the spectral sequence is 
zero. Thus, without restriction of generality, 

a = dim supp(K) <b< dim supp(ip*(L)) . 

Then supp(H- a {K) ® H~ b {ip* z {L))) is contained in 

Y = supp(K) n supp(H~ b (<pl(L))) C supp(K) n supp(ip* z (L)) . 

Suppose Y is a proper subset of supp(K). Since K is an irreducible perverse sheaf, 
supp(K) is irreducible. Hence dim(Y) < dim supp(K) — 1 = a — 1. Again this 
implies 2dim{Y) = 2(a — 1) < a+ b — 1, and the corresponding term of the spectral 
sequence vanishes. Also for 6 > a + 2 once more 2dim(Y) <2a<a + b — I and 
the corresponding term vanishes. Hence the stalk Vr x (K * L) z vanishes except if 

1. supp(K) = supp(H~ a (K)) C supp(H~ b (ip* z (L))) C s«pp(</?*(L)), and 

2. Either b = a = dim supp(K), or 6 = a + 1 = dim supp(K) + 1. 

The subcase b = a : Then, unless b = dim supp(L), the dimension of supp7i' b (ip* z (L)) 
is < b, hence < a. Therefore we can assume a = supp(K) = supp(ip z (L)) by di- 
mension reasons. Then 

rL~ l {K * L) z ^ => z € L) . 
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The relevant E 2 -term in the spectral sequence is 

H 2 "' 1 (supp{K),H- a {K) ® U- a {^ z {L))) = H 2 "' 1 [supp{K\E ® <p* z (F)) 
Hr x (K * L) z in the i^-limit is a quotient group of the cohomology group 

fT 2o-1 (suj^(liO,£7<8>p*(F)) , a = dim(supp{K)) . 

To visualize the different E^-terms: All nonvanishing terms are contained in the 
lower triangle of the square with coordinates (0, 0), (0, 2a), (-2a, 0), (-2a, 2a) vi- 
sualized below with the following notations 

1. M:=tp* z (L) 

2. Y = supp(H~ a (K)) is of dimension a 

3. Y = Supp(H- a (M)) 

4. Z = H 2a (Y, H~ a (K) <g) H~ a {M)) 

5. y = H 2a - l (Y,n- a {K) ®n~ a {M)) 

6. X r = H 2r - 2 (Y,H- r (K) ®H- r (M)) 
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oooo 000 

oooo 000 

x x o 

• o 

• • x 2 o 

• • • •••• 

• • • • ..0 



x a y z 

The diagonal is isomorphic to its Soo-limit TC°(K * L) z . The diagonal to the left 
of the diagonal describes the E^-term. The -limit Hr x {K * L) z is obtained by 
taking successive kokernels with respect to the higher differentials 

d:X a ^^y , 6-.x a ^ 2 ^y ••• s-.x 1 ^y. 

Since all X r have weights < -2, we get an exact sequence 

y w <~2 - n- x (K * L) z -> Gr{y) w= -! -> 
from the weight filtration of y. 

Purity assumption : Suppose H 2a ~ 1 (Y,H~ a (K) ® H~ a (M)) is pure of weight -1. 

Under this purity assumption all higher differentials d : X r — > y are zero, since all 
X r have weight < -2. Hence the Ai-term survives in the spectral sequence 

X 1 = .ff (y,?r 1 (-K')®W~ 1 ( L )) ^H~ 2 (K*L) Z . 
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Furthermore under this purity assumption 

H- l {K * L) z H 2a ~ x (Y, H- a (K) ® H' a (M)^j . 
Theorem [3] below is a special case of this assertion. 

The subcase dim suyy(L) > dim suyy(K) = a : Then only the term for b = a + 1 
contributes to the stalk cohomology and 

H~\K * L) z + => supp(H- a (K)) Cz- supp{H- a - l {L)) . 

Again there is a single 2? 2 -term in the spectral sequence, which contributes to the 
E^oo -limit term H~ l {K * L) z coming from a = dim supp(K) and b = a + 1 < 
dim supp(L). H~ l {K * L) z is a subquotient of the E^-term 

H 2a [supp{K),H- a {K) <g> W -0 " 1 (¥>£(•&))) • 

Notice dim supp(H~ a ~ 1 (y*(L))) < a. Hence A" is an irreducible component of 
supp(H~ a ~ l ((p*(L))) of highest dimension unless 

dim (supp(K)) + 1 = a + 1 = dim (supp(L)) . 
This discussion implies 

Lemma 11. Suppose K and L are irreducible perverse sheaves on X with dim (supp(K)) < 
dim (supp(L)). Then 

supp (n^iK * L)) C {zeX \ supp(K) Cz- supp(L)} . 

If both supports have the same dimension, then 

supp (h~ x (K * L)\ C S(K,L). 

Theorem 3. Suppose K = 5y and L = 5z for irreducible subvarieties Y and Z 
of X of the same dimension d. Then Ji^iK * L) z vanishes unless z G S(K,L). 
Suppose the singularities ofY have codimension > 2 in Y. Then for z <E S(K, L) 

H- 1 {K*L) z ^H 2d - 1 (Y)^IH 2d - l {Y) . 
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Proof : If z G S(K,L), then supp(K) = supp(ipl(L)) = Y. We may assume for 
simplicity z = and Y = Z for simplicity of notation. Then TC~ a (M) = Q l and 
H~ a (K) = Q ; for a = d = dim(Y) outside a subvariety S of codimension two in 
Y. Hence H 2a - 1 {Y,H' a {K) <g> TL~ a (M)) is isomorphic to 

H 2d-i(Y \ s,Q t ) H 2d ~ l {Y) . 

This follows from the long exact sequence for cohomology with compact supports 
attached to (Y \ S, Y, S). To proof the theorem following thew discussion above it 
only remains to prove the purity assertion for # M_1 (Y), which will follow from 
the statement 

H 2d - 1 {Y) = IH 2d - l {Y) . 

This last assertion follows from the long exact sequence attached to the distin- 
guished triangle ip Y — ► Ay —> 5y — > i>Y [1] 

R d - X {Y^y) -> H d - X {\y) IH 2d - X {Y) H d (Y, Ipy) . 

Since G P L>-°(X) and dim supp(7i~ u (ipy)) < max(u,d — 2) the spectral se- 
quence H l - t (X,TC~' y (i>y)) => H^~ u (X,^y) has zero E 2 -terms for the degrees 
H-v = d-lsnA p-v = d. Hence ff^^F^y) = and H d (Y,^ Y ) = 0. 
Since Ay|y\ s = Q; i y\s outside the singular locus S, the isomorphism // d_1 (Ay) = 
H 2d ~ 1 (Y) is again obtained from the long exact sequence for cohomology with 
compact supports. 

2.9 The Theta divisor 

In this section we assume char(k) = 0. Let 6 be a polarization of X such that 
(X, G) is irreducible as a polarized abelian variety. This is equivalent to the con- 
dition, that the divisor 6 C X is an irreducible subvariety of X. For basefields 
k of characteristic zero then the theta divisor is a normal variety. Using that the 
codimension of the singular locus is > 2 (see [9 1) this follows from the Krull-Serre 
criterion, since G is the zero locus of a section of the line bundle defined by the 
polarization, i.e defined by one equation in the smooth variety X. The perverse 
sheaf 

K = 5 e 

is a self dual K = DK. Since G is a polarization, the map X — > Pic(X) defined 
by x i-4 cl(@ + x) — cl(Q) is an isogeny, Aut(5@) is finite. In particular S(K,L) 
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is finite for any perverse sheaf L. G is a principal polarization if and only if the 
cardinality of Aut(K) is one. A principal polarization is a translate of a symmetric 
principal polarization. For a symmetric principal polarization G = -6 one has 
Aut(K) = {0}. For a principal polarization G there exists a unique k G X such 
that <p* K (K) = K for K = Sq. Hence 

S(K,K) = {k}. 



Corollary 7. If K = 5® for an irreducible principal polarization G of X, then 
H°(K *L) Z is zero unless L = 5 z - K +e- In particular H° (K * K) z = unless z = k. 
Hence 

H°(5e*5 e ) = 5 {K} . 



If X is the Jacobian X of a curve C, then it will be shown in 14.21 corollary ITTI 

Jtfi(Q) H X {X) . 

More generally IH\{&) = H\{X) holds for arbitrary principal polarized abelian 
variety, provided the singularities of Q have codimension > 3 in G (see [[341 ). 
Hence 

Corollary 8. For principally polarized abelian variety (X, G), where (X,Q) is 
either a Jacobian or where the singularities of G are of codimension > 3 in G, 
then the theta divisor Q is irreducible and 

H- 1 (6 e *5 e ) = H 1 (X)®5 {K} . 
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Chapter 3 

Convolution with curves 



Let C <^-> X be an irreducible smooth projective curve of genus g > 2 in X. 
Suppose E is a smooth etale Q r sheaf on an open dense subset of C. Let 5e € 
Perv(X) be the corresponding perverse sheaf with support in C. Then E extends 
to a (not necessarily smooth) Q r sheaf on C also denoted E, such that 5e = E[l]. 
Let K be an irreducible perverse sheaf on X with support Y of dimension d K . The 
convolution 

L = 5e * K 

is the direct image complex of 5e^K under the the smooth proper morphism 

/ :C x X — > X 

defined by the restriction of a, i.e by f(x, y) = x + y. Since / is smooth with fibers 
of dimension 1 by [KW] HI.7.1 

L = 5 E *K g p D^ l ^{X) . 

Our aim is to show 

Theorem 4. Suppose C generates X as an abelian variety, and suppose the di- 
mension d = cLk of the support of K is < g = dim(X), then L = 5e * K is a 
perverse sheaf. 

Corollary 9. For d < dim(X) iterated convolutions 5e 1 * • • • * 8e 4 of perverse 
sheaves 5e % with support in smooth projective curves Q contained in X are per- 
verse sheaves, ifd—1 of the curves are generating curves for X. 
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A refined version of theorem will be stated below in theorem [5J 



Spectral sequence : The stalk cohomology sheaves H V {L) X at a point x e X can 
be computed from a spectral sequence, where the following E^-terms contribute 

H°(x-C,cp* x (E) ®H- V+1 {K)) • • 




H 2 {x-C,ip%{E)®H- u - l {K)) 

All middle terms H l (x - C, y%{E) ® H~ U (K)) survive in the E'oo-term. The other 
contributions in are the kernel of the differential 

d 2 : H°(x - C, ip* x (E) ® H- U+1 {K)) — ► H 2 (x - C, <p* x (E) ® H~ V {K)) 

respectively the kokernel of the differential 

d 2 : H°(x - C, tp* (E) ® H- V {K)) ^H 2 (x- C, ip* x (E) ® H~ U ~\K)) . 



Notation : S Q T = f] teT (S -t)QS. Notice (5 9 T) T C S. 
Claim : If T is irreducible and generates the abelian variety X, then 

dim(S Q T) < dim(S) or S = X . 
Similarly S T D 5 and 

dim(S T) > d*m(5) or 5 = X . 



Proof : Suppose dim(S T) = dim(S). Then a component Si of S 1 of highest 
dimension is contained in S T. Suppose Si, ..S r are the irreducible components 
of S of highest dimension, which are contained in S T. Let 77, is a generic 
point of Sj and t a generic point of T. Then ^ — t e S is one of the generic 
points ?7j of S. Hence the 7/; are permuted, and there exists an integer rij such that 
T]i — rii ■ t = r\i. Now, since t generates X if and only if m ■ t generates X (consider 
the map m : X — > X), we get Sj — x = Si for all ieI Hence Sj = X. 

Supports : Let S U (K) = S u and S"(L) denote the supports (see the convention HJ) 
of the stalk cohomology sheaves Hr v (K) and Hr v (V) respectively. Then 
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Lemma 12. For L = 5e * K we have 

s u {L) c (s^iK) (bc)u (s v {k) e -c) u (^ +1 (k) e -c) . 

Proof : This is almost obvious. The cohomology groups H l (x — C, ...) vanish for 
% = 1,2 unless x - C C 6^(if) respectively x - C c 5^ +1 (i^). Moreover, in 
the second case the coefficient system ip%(E) ® Hr v ~ x {K) must admit a nontrivial 
constant quotient sheaf in order to contribute. 

This being said, we make the 

Assumption : C generates X. 

For the proof of theorem |4] we can assume K to be irreducible with dimension 
dx > 0. If dx = 0, then K = 5 Xo for some closed point xq of X. Hence 5e * K is 
a translate of 5e- Hence we will assume 

1 < d = dx < g 

for the rest of this section. Then, since by assumption K is irreducible perverse, 
we know dim S V {K) < v for v < d and dim S d (K) = d for the dimensions of the 
support. Hence lemma [T2l implies 

1. S U (L) = 0for v < 0. 

2. dim S U (L) < u for alle < u < d - 1 

3. S' a! ~ 1 (L) C S d {K) Q —C (hence there exist components of dimension g — 1 
only if S d (K) — C has dimension d— 1; otherwise dim 5 d_1 (L) < d — 1) 

4. dim < d 

5. S rf+1 (£) C C has dimension < d + 1. 

For 4. we used d K < g to get the inequality dim (S d (K) Q -C) < d. The listed 
properties show 

5e * tf" € p Z^ (X) . 

The same applies for DK and D5e, hence -D(<5e * if) G P D-°(X). This implies 
theorem HI 
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We slightly improve on theorem HI In fact [KW] III.5.13 implies Sd+i{L) = 
unless dim S d (K)®C = d+1. We already used above, that H°(x-C, E®H~ d (K)) 
is nonzero only for x G C © S d . If x — C ^ S d or equivalently if x £ S d © —C, 
then x - C and S d intersect in finitely many points Xi. If one of the points Xi is 
contained in the open subset U C S d (K), where H~ d (K) is smooth, then H°(x — 
C, ip* x (E) © H~ d (K)) is nonzero, if <p x (E) Xi / 0, since then ip* x (E) © 7{- d (K) is a 
skyscraper sheaf with nonzero stalk at x,;. This is the case for 

x e (u E © u) , x e -C) . 

since then ip x (u') = x — v! = Xi e U for v! e Ue, where Ue ^ C is some dense 
open subset, where E is smooth. Such points x exists, if the dimension of Ue ffi U 
or C © S d {K) is d + 1, since the dimension of S d (K) © -C is < d. So, to show 
the converse it is enough to observe, that no further cancelation arises from the 
differentials of the spectral sequence. However, this is obvious in present case, 
since the only relevant differential is the c?2 -differential 

d 2 : H°(x - C, ip* x {E) © TC d (K)) — ► H 2 {x - C, (p* x (E) © TT^ 2 ^)) = . 

Furthermore for a point (u', y) € Ue x U in general position and x = v! + y, all 
other solutions u" + y' = x, where u" e C and y' G S d (K), are points where u" is 
in general position in C and y' is in general position in S d {K). Hence we conclude 
for such x, that dim H°(x - C, y* x {E) © H~ d (K)) is equal to 

rank(E) ■ rank(7i- d {K)) ■ deg(a : C x Y -> Y © C) . 

Notation : For curves M we use the notation S M, where S M = S © M, if the 
dimension ofS © M is dim(S) — 1, and where S © M = otherwise. 

Theorem 5. Suppose the curve C generates X and 5e is a perverse sheaf with 
support C. Then, for an irreducible perverse sheaf of geometric origin 

K = K d e Perv(Y) C Perv(X) 

with support Y of dimension d < dim(X), the convolution L = 5e * K with 5e is 
a perverse sheaf on X 

L = L d _i © L d+ i G Perv(X) 

with two summands 
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1. L d+ i is a nonzero perverse sheaf, whose irreducible perverse components 
are supported in the d + 1-dimensional irreducible scheme Y ffi C. The 
generic rank rank(J-C~ d ~ l (L)) of the corresponding coefficient system de- 
fined by L on Y © C is 

rankQC*- 1 ^)) = rank(E) ■ rank(H~ d (K)) ■ deg{a : C x Y -> Y © C) . 

2. Ld-\ is a perverse sheaf whose irreducible perverse components are sup- 
ported in the (d — 1)- dimensional scheme Y — C. 

Notice, that even if Y Q —C is nonempty, the 'exceptional' perverse sheaf L d _i 
from the theorem above might be trivial. For L d _i to be nontrivial it is required, 
that E ® H~ d (K)\ YQ _ c has a nontrivial constant etale quotient sheaf in a neigh- 
borhood of a generic point r/ofFQ -C. More precisely, the kokernel 

H°( V -C,E® H 1 ~ d (K)\ YQ _ c ) ^H 2 ( V -C,E® H- d (K)\ YQ _ c ) 

must not vanish. 

Example : For two smooth projective curves C and C with irreducible perverse 
sheaves 5e and 5e> of support C and C the convolution L = 5e * 8e> is a direct 
sum L = Lq © L%. The perverse sheaf L vanishes except in the case, where 
T*(5 E >) = (S E ) V holds for some x in X. Similarly H°{5 C * 5 C -) and H~ 1 (6c * 5 C -) 
vanish except if C = x — C holds for some point x G X. If X is the Jacobian 
of C this point x is uniquely determined, if it exists. Now suppose C = x — C. 
By replacing C by a translate now let us assume without restriction of generality, 
that C = -C. Then 

6c * 5c = Sc * 5~c = 5o © -^2 
where L 2 is a perverse sheaf with support in C — C. Furthermore 

H- l {L 2 )^H l {CMi)®h- 
The rank of the smooth coefficient system defining L 2 is the degree of the map 

CxC'^CffiC'cx. 

See l4.4l for further details. 
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Remark : If char(K) = part of the discussion above is a special case of the 
fact, that for an irreducible perverse sheaf K = 5e with support Yk of dimension 
d = cLk one can consider the class 

c{K) = rank(H- d {K)) ■ [Y K ] £ H d (X,Z) , 

where rank(H~ d (K)) is the rank of the coefficient system H~ d (K) at the generic 
point of Y K . For another L = Sf with support Y L in X, the convolution K*L need 
not be perverse. Assume d K + di < g. Then H~ V (K * L) = for v < dx + di- 
If we define c(K * L) e H dK+dL (X,Z) to be rank{7i' dK - dL {K * L)) ■ [Y K © Y L ], 
where [Y K © Y L ] is understood to be zero, if the dimension of Y K © Y L is not equal 
to dx + d,L, then 

c(K *L) = c{K) * c(L) , 

in the homology ring H :¥ (X, Z) endowed with the *-product, which is induced on 
homology by the map a : X x X — > X via the Kiinneth theorem. 



3.1 The highest dimensional case 

We continue the discussion of convolutions and study L = 5e * K, where we 
now consider the remaining case where K is an irreducible perverse sheaf with 
support X. We retain the notations and assumptions of the last section except, 
that now d = dx = dim(X). Although the discussion is similar to the case where 
d < dim(X), we have to consider the cohomology degrees v = g—l,g andf = g+l 
more carefully. To simplify the discussion we do not deal with the most general 
case, but assume 

Assumptions : Let X be generated by C. Assume one of the following equivalent 
conditions holds: 

1. L = Se * K is perverse. 

2. L = 5 E * K £PD^°(X). 

3. S 9+1 (L)=$ 

4. H°(x - C, tp*{E) © W{K)) = for all points x e X. 
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Notice [KW] III.5.13 for 3. Furthermore notice, that the spectral sequence col- 
lapses in degree v = g + 1, again by [KW] III.5.13. 

Remark : Concerning this assumption recall that 5e * K e P D^~ 1,1 \X). The per- 
verse sheaves f*[\) p H ±1 (L) are the maximal perverse subsheaves respectively the 
maximal perverse quotient sheaves of 5e^K on X. Therefore, if V H ±X (L) is a con- 
stant sheaf on X (a situation which will be typical later, see also the curve lemma 
13.21 and lemma IT7T) and E is irreducible, then 5e K is an irreducible perverse 
sheaf on CxX, and if ^il* 1 (L) were nonzero, then 5 E MK^ f*[l](PH l {8 E * K)) 
must be the trivial perverse sheaf on C x X. This forces K = 5x and E = Q l 
under the assumptions made. 

This being said, we now discuss the cohomology H~ v (5e * K) under the assump- 
tion above. We now skip the cases where v < g — 1, since in these cases the 
discussion remains the same as in the last section. 

The degree v = g — 1 : This case is similar to the previous case v < dx — 1- The 
support Sg-i(L) is contained in the union of S 9 ~ 2 ®C and S 9 ~ l Q -C and S 9 Q -C, 
except that now S 9 Q -C = X Q -C = X. Since the dimension of S 9 ~ 2 © C and 
S 9 ~ 1 Q—C is < g— 1, we get an exceptional perverse constituent L d _i in L = 5e*K 
only if 



is nonempty and has dimension g— 1. The dimension of Z is at most g— 1 by our as- 
sumption L to be perverse. Notice, this does not suffice for L g ^i to be nonzero. In 
addition the differential d 2 from the spectral sequence, which computes H l ~ 9 (L) x 



must have nontrivial cokernel for x in a g — 1-dimensional open subset of Z. This 
now is a necessary and sufficient condition for to be nontrivial. Notice, 
the left side vanishes for x <fc C © Cancelations might be possible on 

irreducible components, which are common irreducible components both of C © 
S 9 ^ 1 ^) and Z of dimension g — 1. 

Theorem 6. Suppose X is generated by the curve C. Suppose 5e has support 
C, suppose L = 5e * K is a perverse sheaf on X and K is an irreducible per- 
verse sheaf of geometric origin with support of dimension g. Then there exists a 
decomposition 




d 2 :H°(x- C, (p* x (E) © H 1 - 9 (K)) 



H 2 (x-C, v* x {E)®H- 9 {K)) 



L = L g ® L s _i 
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where and L g are perverse sheaves, whose irreducible constituents have 
supports of dimension g — 1 and g respectively. Furthermore the generic rank of 
the coefficient system defining L 9 is 

dim H\x - C, <p* x (E) H 9 {K)) , 

where x is a generic point of X. 

By the assumptions of the theorem H°(x — C,<p x (E) <8> TL 9 (K)) vanishes for all 
x G X, as already explained. The algebraic set Z of x 6 X, where H 2 (x — 
C, ip x {E) <8> H 9 (K)) does not vanish, has dimension < g - 1 by the same reason. 
Hence for a generic point the the generic rank of L g can be computed by the Euler 
characteristic. We state the formula for the Euler characteristic in the tame case, 
which then gives 

rank(L g ) = - X tame (x - C, <p* x (E) <g> H 9 (K)) 
= -rank(K)-{2-2g) + ^2(rank{(v x {E)®H 9 {K)) - rank((ip x {E)®H 9 (K))^ . 

Here S is a finite set of closed point of C, where the underlying etale sheaf 
(ip x (E) <8) W(K) is smooth onx-C. Therefore 

rank(L g ) = 2(g - l)rank(K) + s ^[rank{K)rank(E) - rank(E ® Lp* x H 9 {K))^ . 

ces 

3.2 The curve lemma 

For an abelian variety X let C X be a irreducible projective curve and let 
7r : C — > C be its normalization. We want to show, that convolution of a perverse 
sheaf K (of geometric origin) with 5^ again is a perverse sheaf. Convolution with 
skyscraper sheaves preserves the category Perv(X) for trivial reason. Therefore, 
since n*(5c) is the direct sum of 5^ and a skyscraper sheaf, we may replace 5^ by 
the sheaf 7r*(Q^ c [l]) in the following without loss of generality. The morphism / 
defined by f(x, y) = x + 7r(y) 
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is smooth equidimensional with geometrically connected fibers of dimension I, 
since F(x,y) = (x — n(y),y) is an isomorphism. Notice / o v = idx for the 
inclusion v : X ^ X x C defined by x i-> (x, 0), if G C(k). Since K M Qi, c [l) is 
a perverse sheaf on X x C for if G Perv(X), therefore 

L = K * 7r*(<5c) = i?/»(ifSQ !iC )[l] 

satisfies (IfBl IH.7.1) 

L g P£)[-l.l](X,Qj) . 

Assume the base field is the algebraic closure A; of a finite field k with q elements. 
For an algebraic scheme Y over k let denote Y = Y x spedn) Spec(k). Assume that 
the embedding C ^ X comes from a closed immersion Co X defined over «. 
Let if be a perverse sheaf on X , with extension K on X. Let K m be the unique 
extension field of k of degree mink. Let F respectively F m denote the geometric 
Frobenius of Gal(k/n m ). The set of rational points X (K m ) can be identified with 
the set of fixed points X (k) Frn . For a closed point x choose a geometric point x 
over x. For a complex K G -Dc(X , Qj) let 

be the function defined by 

f K °(x) = ^2(-lYTr(F;n v (K) z ) . 

Similarly define : X (K m ) — > for all m > 1. Recall the following well 
known facts (e.g. [L], [QJ ffl.12.1) 

1. (Cebotarev) For semisimple perverse sheaves and Lo on Xo, the equal- 
ity fm°{x) = fm( x ) f° r m an d all x G X (K m ) implies K = L in 

^(^o.Qi). 

2. f^ L "(x) = ft{x) + ffr{x) for all x G X ( Km ) 

3. f%°® LL "(x) = f£°(x) ■ ft(x) for all x G X ( Km ) 

4. For a morphism g :Y ^ X defined over k we have 

f^ K °Hx) = f«°(g (x)) 

for all x G io(«m)- 
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For an abelian variety 

ttq : Xq — > Spec(n) 

over k the n m -rational points X (/c m ) define a finite group with respect to the 
group law of the abelian variety. Suppose for all m there exist subgroups 

r m c x (K m ) 

with index [X (K m ) : r m ] bounded by a constant (7 independently from m. Sup- 
pose K G Perw(Xo) is a semisimple perverse sheaf on X such that 

/™°(*) = /™°(0) , Vm>ivxer m . 

Under these assumption we claim 

Lemma 13. The sheaf K is a translation-invariant perverse sheaf on X. 

Proof : For N = C\ and x G X (/c m ) we have N ■ x G T m . Multiplication by TV is 
an isogeny defined over k 

go ■ x x . 

Since g is a finite flat morphism L = gl{K Q ) G Pert> (X ), 

/£°(*) = /£°(at.x) = /£°(o) 

holds by the assumption above, since N ■ x G r m . Let i : {0} — > X be the inclu- 
sion of the neutral element and M = iq(K q ). By definition /^f°(0) = f£°(0) and 
M G D b c {Spec(K)Mi)- Let y4 be the semisimplification of (& v = g mod 2 H U (M ) 
and S be the semisimplification of @ v = g+1 mod 2 W(M ). Then C = 7Tg(A))b] 
and D = 7ro(B )[g] are geometrically constant perverse sheaves on X , such that 

ti°(x) + f°°(x) = fC°(x) 

holds for all m and all a; G X (K m ). Therefore L ® D = C by Cebotarev. 
Hence L is a summand of C, thus a geometrically constant perverse sheaf on X . 
Factorize the isogeny g : X — > X into a purely inseparable isogeny u (division by 
the connected component of the group scheme X[N]) and an etale isogeny v 
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The isogeny u is purely inseparable. The functors u*u* and 11*11* define an equiv- 
alence of Perv(X) and Perv(X') and map constant sheaves to constant sheaves. 
This easily follows e.g. from lfl4l 1.3.12. We deduce, that V = v*(K) is a constant 
perverse sheaf on X'. Then, since v : X' — > X is a finite etale Galois morphism, 
Ea IH. 15.3d implies 

. 

Since v*v*(L') is a direct sum of translation-invariant sheaves E x for characters 
X € Hom cont (iri(X, 0), Qj ) of finite order, which become trivial on the etale cover 
X' of X, hence K is a translation-invariant perverse sheaf on X. This proves the 
claim. 

Definition: A perverse sheaf 5e on C, attached to a smooth coefficient system E 
on some Zariski open dense subset of C reg , for which E becomes trivial on some 
finite branched covering C — > C of the normalization C of C, will be called an 
admissible perverse sheaf on X. 

Lemma 14. Suppose k is the algebraic closure of a finite field and suppose X is 
generated by C. Then for a semisimple perverse Weil sheaf K on X the convo- 
lution K * 5^ is a direct sum 

K * 5(j = P ®T , 

where P is a semisimple perverse Weil-sheaf P on X and T is a sum of com- 
plex translates of translation-invariant perverse sheaves on X. Furthermore T 
is perverse for an irreducible perverse sheaf Kq on Xq, which is not translation- 
invariant. In addition: The same statement holds for 5^ replaced by any admissi- 
ble perverse sheaf 5 e on X. 

Proof : Co, C and X are defined over the finite field k. By a finite base field exten- 
sion of k we may assume, that Co contains a K-rational point P . By a translation 
of Kq and C we may assume P = 0. Then the Jacobian J (Co) of C is defined 
over k and there exists a morphism Co — > J (Co) (depending on P ) defined over 
k. Consider the Albanese morphism f : J (Co) — > X induced by the morphism 
7T : C — > C — > X . Since C generates X, the map / is a surjection of abelian 
varieties with kernel, say K , 

O^Ko^ J (C ) h Xo^O. 
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Put X' Q = J(C )/{K )°. Then the map J(C ) -» X factorizes J(C ) -» Z , 
where the second map is an isogeny 

- vro(Ko) ^X^X o ^0. 

Since (i^o) is Zariski connected, the isogeny id — Frob m : (K )°(k) — > (ifo) (&) 
is surjective (Lang's theorem). Therefore the homomorphism of finite groups 

J(Cb)(/c m ) — > X' (K m ) 

is surjective for all m. Finally one has an exact sequence 

X' (n m ) -> X (K m ) -> ff^^^o^o)) • 

The order of the finite Galois cohomology group i? 1 (K m , 7ro(-K"o)) on the right is 
bounded by a constant C\ independently from m. 

Now assume K is an irreducible perverse sheaf on X . We can assume by enlarg- 
ing the base field, that K is geometrically irreducible. The assertion of the last 
lemma is trivial, if K is a translation-invariant perverse sheaf. So let us assume, 
that K is not geometrically translation-invariant. 

Recall K*6g = Rf*(KKQi tC [i\), and / : X x C -> X is smooth with geometrically 
connected fibers of dimension 1 . Hence Rf*(K MQi t c[l]) € p D^~ 1 ^ (X), as already 
explained. If the assertion of the lemma were false, then either p H 1 (Rf^(K M 
Qj,c[l]) or PH~ 1 (Rf^(K M Qj,c)[l]) must be nontrivial. Without restriction of 
generality assume, that we are in the first case (the other case being analogous). 
Then e.g. by |[T5l III. 11.3 there exists a surjective morphism of perverse sheaves 
onlxC 

KM5 c ^r[l] PH^RMK^Q^dl])) . 

Since K is irreducible, K M 5c is an irreducible perverse sheaf on X x C. Hence 
the last surjection defines an isomorphism of perverse sheaves. Since it is already 
defined over k, it can be viewed as an isomorphism of Weil sheaf complexes. So 
one obtains an isomorphism in Perv(X ) 

K M 5 Co = / *[1] p H\Rf^(Kv ® Qi, Co [l])) ■ 

For z G X{k) the geometric points of the fiber f^ 1 (z) are of the form [z — ir(y),y), 
where y runs over the geometric points C(k). The function f£° (x) for x G X (K m ) 
therefore satisfies by property 3 and 4 of the function / m (.) 

f^ {z _ My)) .f m C 0{y) = _ f L 0{z) 
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for all z G X (K m ) and all y G Co(«; m ), where L denotes the perverse sheaf 
PH^Rfo^Ko H Qi, Co [l]) on X . Now /„ c °(y) = -1 does not depend on y G 
Co(K m ). This implies for all y G C (K m ) and all z G X (K m ) the equality 



But then also /^(z-7r (yi)-^(y 2 )) = f^°(z-7r( yi )) = f£°(z) and so on. Letr m 
denote the subgroup of X (K m ) generated by the image of the points of Co(/c m ). 
Then this implies f£ (z+j) = f£° ( z ) for all z G X (K m ) and all 7 G T m . If we can 
show, that the index [X (K m ) : T m ] is bounded independently from m, then lemma 
[13] implies that K is a translation-invariant perverse sheaf on X contradicting our 
assumption on K, which then implies that K * 5^ must have been a perverse sheaf. 

To control the index of the group T m generated by C (K m ) in X (K m ) it is enough 
to bound the index of the group generated by Co(K m ) in the Jacobian J(Co)(re m ). 
If the index in the Jacobian is estimated by C2, then by the first reduction step the 
index can is bounded by [X (K m ) : r m ] < C\Ci- Therefore we now may assume 
X = J (Co) without loss of generality. 

The quotient map C^ -» cf 9) is a finite morphism of degree (2g)l. Hence the 
image of 



> q 2 9 m /(2g)\ +o(q 2m 9) 
different points. Over each point z G J(Co)(K m ) the fiber of the morphism 

cf s) - J(C ) 

is a Severi-Brauer variety, i.e. becomes a projective space of dimension g over 
k. By a result of Chatelet a Severi-Brauer variety is isomorphic over K m to a 
projective space over K m , if and only if it contains a /t m -rational point. If the fiber 
contains a K m -rational point x G C^^Km), then it contains 



f«°(z-<K (y)) = f«»(z). 




contains 



(ff-l)m 



+ . ■ • + 1 = <f™ + (^) 



such K m -rational points. In other words, there remain at least 



1 



1 



,gm + ( q gm) 



(25)! 



(25)! 



9' 
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different points in the image of Cg 9 ^™) — > J(Co)(re m ), whereas 

#J(C )(K m )=q° m + o(qn- 

Hence the subgroup generated by the image of Co(K m ) in J(Co)(n m ) has index 
bounded by C2 = (2g)\, at least if m > mo is chosen large enough. Concerning 
this we may replace k by a finite field extension, so that this bound holds for all 
m. This completes the proof of the first assertion. 

To prove the statement for an additional coefficient system E on C we notice, 
that the above argument did only use, that the map C — > X has an image that 
generates X. Hence we could replace C by a finite branched covering ir' : C — > C, 
which trivializes and 5e ^ ^(Qz.ctl]) by 5c = QzcW an ^ study the map 
/ : X x C — > X in a similar way. This completes the proof of the lemma. 

Theorem 7. Suppose k is an algebraically closed field of characteristic zero. Sup- 
pose X is an abelian variety over k and C is an irreducible projective curve con- 
tained in X defined over k. Suppose X is generated as an abelian variety by C. 
Then for a semisimple perverse sheaf K on X of geometric origin the convolution 
K * 5(j is a direct sum 

k*5 c ,^ Per , 

where P is a semisimple perverse sheaf P of geometric origin on X and T is 
a sum of complex translates of translation-invariant perverse sheaves on X of 
geometric origin. Furthermore T is perverse for an irreducible perverse sheaf K 
of geometric origin on X, which is not translation-invariant. Moreover the same 
holds with 5^ replaced by some admissible perverse sheaf 5 e on C. 

Proof : We may assume k = C. Then we can apply the technique of J3]|, section 
6.2 (in particular lemma 6.2.6 of loc. cit.) to reduce the proof of the theorem to 
the analogous result proved over the algebraic closure of a finite field. Notice that 
all the sheaves 5e are sheaves of geometric origin. 
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Chapter 4 
Jacobians 



Let X be the Jacobian of a smooth curve C of genus g > 3. Then, after choosing a 
point P € C(k), one obtains the Abel-Jacobi period map C — > X, which induces 
maps C = Cx'-'xC^I by repeated addition in the abelian variety X. These 
maps factorize over the smooth projective varieties = C r /S r (quotient by the 
symmetric group S r ) 

C T — ) (7^ r ) — ) x 

For increasing d we have natural embeddings C( d+1 ) making the diagram 

■•• C > ^(d) C ^ C (d+1) C ^ c (d+2) C ^ ... 




commutative. For d > 2g the map p = p d 

Pd : C (d) - X 

becomes a projective bundle morphism, hence in particular a projective morphism. 
Hence all pd for all d > 1 are projective morphisms by the diagram above. For 
d < g the image of pd is the subvariety Wd w X. For details see [TJ and Il20ll §5 in 
the case of positive characteristics. 

The direct image under / respectively p of the constant perverse sheaf Ac = 5c- 
therefore is an S r -equivariant sheaf complex 

/*(<Q>2,C-M) = ®<T a ®Fa , 
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where a a ranges over a representative system of equivalence classes of irreducible 
(^-representations of the symmetric group S r . Then up to a shift by r the T a are 
sheaves on C^ r \ but they are indeed also in Perv (C^). Therefore 

R(p° /)*(&>) = Rp*(Q)cr Q ® To) = Q a a ®5 a 

a a 

for 

S a = Rp*{T a ) . 

Here S a is a sheaf complex on X, which is pure of weight w = r. Notice, that 
every irreducible representation of the symmetric group is defined over Q. This 
implies, that the Verdier dual -D(J" a ) is isomorphic to T a . As a consequence we 
obtain 

Lemma 15. 8 a is a self dual pure complex on X of weight r = deg(a). 

4.1 The multiplication law 

From the diagram for r = r\ + r<i and the relative Kiinneth formula 



X 




C(ri) x C (r 2 )l^ X X X 

it follows, that r*(0 a a ®T a M 0^ op ® Tp) = 7 a y ® T 1 . Hence ® p {a a M 
o-p) ® T*{T a M ®Tp) = 7 cr 7 | s xE % T 1 . Let denote the dimension of the 
space of intertwining operators 

ffom Er ((7 7 , -fr"^ xEr2 (cr a M ap)) = Hom Sri x s r2 (c 7 | Sr . xEr2 , ^ °"/3) • 

These integers have a combinatorial description (this is the Littlewood-Richardson 
rule described in section l54l). We conclude 



Lemma 16. S a * 5p = 

m a/3 ^7' where Tn^p are the Littlewood-Richardson 

coefficients. 
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4.2 Cohomology groups 



Weyl's theorem describes, how the the r-th tensor representation of the standard 
representation of Gl(V) on V (for a finitely dimensional vector space V over an al- 
gebraically closed field) decomposes into irreducible constituents V a . The group 
S r x GliV) acts on the tensor product V® r in a natural way, where the symmetric 
group S r permutes the factors of the tensor product (we call this the Weyl action). 
Then Weyl's theorem asserts a decomposition 

a 

where summation is over a set of representatives for the irreducible representa- 
tions a a of the symmetric group S r . The V a are irreducible algebraic representa- 
tions of the group Gl(V) of highest weight a = (cci, a r ) respectively, where the 
cti are integers such that a.\ > a 2 > ...a r > such that deg(a) = J2 a i = r - The 
as correspond to the partitions of the number r. 

Let denote 

H + = H°(C,Qi)[l]®H 2 (C,Qi)[-M 
H_ = H\CMi)- 

There is a natural action of the group S r on the product C r . This induces a natural 
action of E on the cohomology of C r . By the Kiinneth theorem 

r 

l: ®H'(CMiM^H'(C r ,Qi)[r}. 
The isomorphism i is given by the cup-product 

x\ ® ... <S> x r i— > pr\{x\) U ... U pr*(x r ) . 

Notice, that the natural action of the group S r on the tensor product on the left (the 
Weyl action) does not coincide with the action, which is induced on cohomology 
by the permutation of factors of C r (the cohomological action). This is due to 
the fact, that the cup-product is alternating on H- and symmetric on H + . Since 
cup-products of elements in H + and i2_ commute, for both actions we get 

r a b 

(g)(tf + etf-)= (0fT + ®0fr + ) 

a+b=r T & T /T. a xY, b 
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For both actions we therefore get a decomposition of the representation of the 
symmetric group S r into the form 

a b 

^IW(g)tf + ®(g)tf-)- 

a+b=r 

Written in this way it is now obvious, how the two action differ. 

Lemma 17. The two representations o/£& on ® 6 induced by the cohomologi- 
cal action respectively the Weyl action, differ by a twist with the signum character. 

Proof : It is enough to consider involutions a of C r , which permute two factors 
i / j. Then for 1-forms u,v e H_ we have awe y i{--- <8> u <£> ■ ■ ■ <g> v ® ...) = 
(... ® w ® • • • (gi u ® ...). To compare o- co ? iom (... U pr*(u) U • • • U pr*(t>) U ...) = 
(... Upr*(u) U • • • Upr*(v) U ...) = -(... Upr*(v) U • • • Upr*(u) U ...). □ 

This being said, we obtain from Weyl's formula the following expression for the 
cohomological action of S r 

H'(C r ,Qi)[r] = /nd|: xEfc (( <r a ®H°)®( ® S i fl n) ®H?)) . 

a+b=r deg(a)=a deg(0)=b 

The sum ranges over all partitions a of a respectively over all partitions (3 of b. 
For an irreducible representation a of the symmetric group S 6 let now a* denote 
the representation a <g> sign. Then 

ff-(C-,Q,)M= /nd| :xSb K^^)K(^®^). 

a+ft=r deg(a)=a,deg(/3)=b 

If we decompose H'(C r , %)[r] into its irreducible constituents 7 a y MH*(X, <5 7 ) 
under the cohomological action of the group S r , i.e. the sum runs over all parti- 
tions of r, we obtain 

Lemma 18. For deg(^) = r we have 

H'(X,5 y )= mlp-H*®Ht. 

a+b=r deg(a)=a,deg(/3)=b 
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Remark : Since H + has dimension 2, in this sum an a = (cci, a>2, a 3 , ..) contributes 
only if a,i = holds for alH > 3. 

Corollary 10. deg t i/2(h(5 7 ,t)) < 71 and equality 

deg t i/2(h(5 7 ,t)) = 71 

holds for 71 < 2g. 

Proof : This is immediate consequence of the Littlewood-Richardson rules, which 
forces a\ < 71 for mZg ^ 0. For 71 < 2g the leading coefficient in t is obtained 
from the summand a = (71) and (3 = (72, 73, ...)• It gives 

h(S 7 , t) = mfa (72!T3) . • dim(H^) ■ + 0{t^-W) . 

Since 71 < 2g, the dimension of H^ 2 '"'^ is nonzero by the Weyl formulas. In fact 
the coefficient mj^ ^ 73 ^ can shown to be one. 

Notation : For 7 = (r, 0, ...0) we also write 5 r instead of <5 7 . 

Example : Since for 7 = (r, 0, ...0) the coefficients vanish except for a = 
(a, 0, .., 0) and (3* = (b, 0, .., 0), we obtain 

H'(X,S r )= 55 A 6 

a+b=r 

where S a and A b denotes the a-th respectively 6-th symmetric respectively anti- 
symmetric powers. Hence h(6 r ,t) = Ya=q[^ + l]t ■ A r ~*(i/_). 

Degree q - 1 : Suppose C is not hyperelliptic. Then as a special case we ob- 
tain IH'(Q) = H*(X,5 g -i). In the general formula only a = 2g - 3 and b = 1 
contributes to IH 29 ~ 3 (Q). Hence (ignoring Tate twists) we obtain IH 29 ~ 3 (@) = 
H l (C). In particular, since IH l [&) = IH 2 s- 3 (G) 

Corollary 11. Lff^G) H l (C) tf 1 ^). 
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Remark : The statement of the corollary remains true for hyperelliptic curves, al- 
though in this case Sq = 5 g -\ — £ g _ 3 as will be shown in section 14.51 More 
generally 8w r = S r — 5 r ^ 2 for all r < g — 1 in the hyperelliptic case. Using 
this, one can argue as above to show IH 29 ~ 3 (<d) = H l (C). In fact IH 1 (W T ) = 
IH^-HWr) = H r - l {X,5 r ) ^ H l {C) for all r < g - 1, since 5 Wr © <5 r _ 2 = 5 r and 
H r ~ 1 (X, 5 r _ 2 ) = by the formulas above. 

Trivial cases : If a = 0, then 5 a = 5 = 1 is the unit element of the convolution 
product. If a = (1, 0, ..), then 5i = 5 C - 

4.3 Theorem of Martens 

The fibers of the map p d : — > X are projective spaces. For r > 1 the sub variety 
W£ C X is the locus of points x in the image of pd, where is a projective 

space of dimension > r — 1. For r = 1 the image Wd = V^J of C^^ has dimension 
d, if 1 < d < g. 

Suppose r > 2 and 2 < d < g — 1. Then, for a smooth curve of genus 5 > 3 the 
following holds 

Theorem 8. (Martens): Suppose 2(r — 1) < d. Then 
1. IfCis not a hyperelliptic curve 

dim{W r d ) + 2(r - 1) < d - 1 . 

2.I/C is hyperelliptic, then W T d = Wd~2r+2 holds up to translation. Therefore 

dim(W r d ) + 2(r-l) = d. 



Proof : See [M] and [10], p. 55 and p. 57. For hyperelliptic C there exists a point 
eel such that 

e - Wi = W x , 
and more generally W r d = Wd-2r+2 - {r - l)e. 
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Corollary 12. Suppose g > 3. Then for 1 < d < g— 1 ?/ie morphismp d : — > 
is semi-small. If C is not hyperelliptic p d is small. 

Proof : Obviously for r > 2 

2 ■ dim(p~ l (x)) = 2(r-l) < d - (d - 2r + 2) < dim{W d ) - dim(W%) 

for x € W d \ W r d +l . Notice we can assume 2(r + 1) < d, since otherwise is 
empty. Hence p d : — > is semi-small. Furthermore is an isomorphism 
over \ Wj. Similarly, for C not hyperelliptic, we have a strict inequality above. 
Hence p d is small. This improves corollary [3l In fact we obtain 

Corollary 13. For degree < deg(a) < g — 1 the complexes 8 a are pure perverse 
sheaves on X of weight —deg(a). Suppose C is not hyperelliptic. Then 

(i) These sheaves are irreducible perverse sheave^ with support in W deg r a y 

(ii) 5 a = bp for these sheaves if and only ifa = (3. 

( Hi) 5 d = 5w d is the intersection cohomology sheaf of W d for 1 < d < g — 1, 
hence 

IH'(W d ,Qi)[d]= S a (H + )®A b (H_). 

a+b=d 

Proof : Concerning property (i) see [KW] III.7.4 and 7.5(ii). Notice that III.7.5 
does not require Q to be a smooth sheaf. In fact it is enough, that Q in the notations 
of loc. cit. is an etale sheaf on X in the ordinary sense, such that Q[n] is a pure 
perverse sheaf on X. Then Rf\Q[n] € P D-°(Y) holds for projective morphisms / : 
X -> Y by [KW], III.7.4 and Rf\G[n] 6 Perv(Y) by the hard Lefschetz theorem 
[KW] IV.4.1. Concerning property (ii) see [KW] 111.15.3(c). 

Obviously for d < g 

supp(H- d+2r (5 d )) = W r d . 

Similar, the supports of the cohomology sheaves of the 5^f can be related to the 
spaces W r d in an obvious way. Moreover 

'One could go back from this to view Marten's theorem as a consequence of [3] and of the main 
result of 17. 61 whose proof is basically independent. 
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Lemma 19. Suppose C is a general curve of genus g and suppose char(k) = 0. 
Then for d < g 

n- d+2r (5 d ) * Q [;W r . 

Proof : By HI p.215 (.7) and p. 163 (1.6) it follows, that C d is smooth of the correct 
dimension in the sense of loc. cit. Also by [1] p. 190 (4.4) the variety W d is 
Cohen-Macaulay, reduced and normal. Since Wd is normal, the sheaf H~ d {6d) 
is Qi,w d - Hence the restriction to W d is H~ d (Sd)\w; = Qi,w r - The natural map 
7r : C r d — > W d is projective, and it is smooth of relative dimension d over the dense 
open subset W d \ W d +1 with projective spaces of dimension r as fibers. Therefore 
the hard Lefschetz theorem implies TC~ d (Rir*Qi t cr) = H- d+2 {RirMi,cr) = ■■■ = 

H- d+2r {R^Mi^ = Qi.wp Since Rn*(®i,Ci) = RPd,*(Qi,cw)\cs, this proves the 
claim. 

4.4 The adjoint perverse sheaf 

The roles of 6c G Perv(X) and 6 C = 6-c G Perv(X) are dual to each other 

6 c *6-c = 1 ft\ , 
where 1 = <5q. For the difference map f(x,y) = x — y 

f :C xC 

by definition 

RfM,cxcM = 5c*S-c 

To compute the stalks of the left side we have to consider the intersection C n (z + 
C). For z = this intersection is C. So it remains to consider the case z ^ 0. For 
this we distinguish two cases (see ifTOl . p. 128): 

Intersections : For z / suppose x e C and x G z + C, Then z = x — y for 
x,y <E C, hence z G C - C. Suppose we have two solutions (xi,yi) e C 2 (k) and 
(x2,y2) G C 2 (/c) such that 

2 = xi - yi = x 2 - 2/2 • 

Then x\ + y 2 = yi + x 2 . 
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Non-hyperelliptic case : If C is not hyperelliptic, H°(C, Oc{x\ +2/2)) has dimen- 
sion 1. Therefore x\ = y\ or x\ = x 2 . In the first case z = 0, but we ssumed 
z 0. Hence x\ = x 2 and y 1 = y 2 . It follows, that in the non-hyperelliptic case 
C n (z + C) is nonempty if and only if 2 G C - C, such that the intersection 
C n(z + C) consists of one unique point for respectively C n (z + C) = C 

for z = 0. 

Hence f: CxC^C-C, defined by f(x, y) = x — y, is birational. The diagonal 
A c is blown down to e X. Outside the inverse image of {0} the map / is an 
isomorphism. This easily implies 

n = S c -c ■ 



Hyperelliptic curves : In this case the intersection C n (C + z) for z / consists of 
two points. In fact, there is a unique isomorphism class C of line bundles of degree 
2 so that H°(C,C) = 2. The divisors in this class have the form D = x + 9(x), 
where 9 : C — > C denotes the hyperelliptic involution. The quotient C/0 is the 
projective space P 1 . f(x\,y\) = f{x 2 ,y 2 ) either implies y 2 = 9x\ and y\ = 9x 2 , or 
(xi,yi) = (x 2 ,y 2 ). Hence {x 2 ,y 2 ) = {9y 1 ,9x 1 ) or {x 2 ,y 2 ) = {x 1 ,y 1 ). This implies: 

The diagonal C x C is contracted by / to the point zero. Outside / _1 (0) the 

morphism / defines a two fold ramified covering with the covering automorphism 

a(x,y) = (9(y),9(x)). 

The covering automorphism acts on the points of the diagonal Ac by (x, x) ^ 
(9x,9x). Its fixed points of the covering automorphism are of the form (x,9(x)), 
and the locus of these points is the branch locus. Furthermore / is a semi-small 
morphism. This together with Gabber's theorem implies 

5 C * S-c = Rf*(6cxc) = $c-c ®5e®S 

for a coefficient system E = E(p) on C—C of generic rank one, which corresponds 
to the nontrivial quadratic character p of the fundamental group iri((C — C) \ 
V), which is defined to the branched covering /. The ramification locus of E is 
contained in the image V of the branch locus. Finally S is a a perverse sheaf with 
support in {0}, which is easily determined by considering the fiber cohomology 
H'(f-\0)) = H'(C). In fact 

S = 5 {0} 
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coming from H 2 (C) = Q t . R 1 f*(5cxc) is a skyscraper sheaf with support in {0}. 
We claim 

R- 1 M5 C xc) = n-\A) 

and H~ l {5c-c) = 0. Proof: The group Z/2Z generated by the involution a acts 
on C x C, and / is equivariant with respect to the trivial action of Z/2Z on X. The 
automorphism a induces the automorphism 9 on the fiber / _1 (0) = C 



C *■ C x C 



c-c cx 



c 



idxid 



C xC- 



id* 



C-CCX 



Therefore the complex Rf*(5cxc) is an Z/2Z-equivariant perverse sheaf on X. 
Since Z/2Z acts trivially on X, it decomposes into a +-eigenspace and a — 
eigenspace: The +-eigenspace is 

S © 5 C -c , 

the (-l)-eigenspace is A. To prove our claim it is therefore enough to show, that 
a acts nontrivially on the stalk 

(#7*(<W))o = H\C) . 

Since / _1 (0) = Ac = C is the diagonal Ac ^CxC, and since a restricts to the 
automorphism 9 on the fiber / _1 (0), this follows since the hyperelliptic involution 
9 acts on H l (C) by -id. Hence 

H~\A) H\C)®5 , H-\S C -c) = 0. 

Resume : As a final result in the hyperelliptic case O = Sc-c © A where A = 5e 
for the nontrivial coefficient system E on C - C described above. 



4.5 Hyperelliptic curves I 

Suppose C is hyperelliptic and X is its Jacobian. Then as in the last section 



C 



idxi 



C xC- 



+C+C C X 



C^^CxC- 



-+C + CCX 
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The addition morphism a induces a branched covering outside a 1 ({e}) = C = 
image(id x 9 : C — > C x C) with the covering automorphism defined by 

r(x,y) = (y,x) . 

Recall, 6(x) + x = e for all x G C implies 

C = e-C 

in the hyperelliptic case. Therefore 

Ra*(5 C xc) = 5 C *5 C = 5 2 @ = S c * $e-c = 5{ e } © $e+c-c © Tl e (A) , 

which is the translate of 5c * <5-c = <5 © = S © 5c*-c © ^4 by e. Considered as an 
equivariant sheaf with respect to the action of the group {id, r} with trivial action 
on X, the eigenspace decomposition gives 

1. ©-eigenspace: S 2 = 5 {e} © 5 e+C -c = 8 {e} © 5 c +c 

2. ©-eigenspace: <5i,i = T* e (A) 

Hence H*{X,A) = H*{X, <5i,i), thus dim{H ±l {X,A)) =2g and dim(H°(X, A)) = 
dim(S 2 (Q; 29 )) + 1. If we consider the symmetric quotient = (C x C)/S 2 for 
£ = {id, t}, then 

c idx9 > Cxc — ^-c + ca 
p 1 (7(2) — - — c + ca 

and p is a birational map, which blows down the fiber p _1 (e) = P 1 . Hence 
Rp*(6 C m) = 5 e+C -c © <5{ e } = 5 c +c © <5{ e } = <V 2 © 5{ e } • 

More generally, by the theorem of Martens W r d = W d - 2r +2 - (r - l)e. Since the 
map p d : —> X is semi-small for 1 < d < g - 1, we get for 1 < d < g - 1 

$d = $W d © 5w d -2-e © <Sw«,_ 4 -2e © ■ ■ ■ 

hence 
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Lemma 20. For hyperelliptic curves the sheaves 8d are perverse sheaves for 1 < 
d < g — 1 such that ( in the Grothendieck group ) 





8w d = Sd — Sa-2 


Furthermore H v {8w d ) = Ofor v / — d, hence 




$w d = Qi,w d [d] 


Singular supports: Since C = e 


— C now 




W d = d-e-Wd 



for all d < g — 1. For simplicity of notation we now assume e = 0, which can be 
achieved by replacing C with an appropriate translate of C in X. This convention 
will be used from now on in this section. Then 8c = 8-c and 

W d = -W d , < d < g - 1 . 
Lemma 21. For < d < g — 1 

H°(5 Wd *S Wd ) = $o 

n-\8 Wd *8 Wd ) = IH l (W d ) ®8 Q = H l (C) ® 8 . 

Furthermore H°(8w r * <VJ = W _1 (5vi/ r * <5w s ) = 0/or a// |r - s\ ^ 1,0 a«J 
W°(5w r * 5iyJ = andH' 1 (8 Wr * <VJ = fc[-l]/or |r - s[ = 1. 

Proof : The first two statements are special cases of the computations made in 
section 12.81 implicitly using, that the singularities of Wd have codimension > 2 
|0Q, and that W d + x = W d implies x = (one easily reduces this to the case d = 1 
by the use of the operation 0). The second assertion uses theorem [3] together with 
IH l {Wd) = -ff 1 (C) (see the remark at the end of section |4~2l . The remaining 
assertions follow from the spectral sequence exploited in section 12.81 and from 
H- v {8 Wd ) =Qfoxv^-d and H- d (8 Wd ) = Q liWd . We skip the details. 



69 



Chapter 5 
Basic results 



5.1 Riemann-Roch 

There exists a canonical point k g X, which depends on the choice of the point 
Pq defining the Albanese morphism C — ► X, such that k — = Wt holds for all 
r + s = 2g — 2 and p, = g — 1 — r + v. This is a reformulation of the Riemann-Roch 
theorem (see ifTOl . p. 49). In other words 

holds for < r < g - 1. Since W / g 1 _i +T = • • • = WJ_ 1+T = X for all 1 < r < 5 - 1, 
we may assume /i = r + z/ and 1 < i/ for the study of W^_ 1+T in the range 1 < r < 
5-1- 

Notation : For = k — x and a complex iT G Q ; ) let K~ denote the 

complex tp*(K). 

1 + r an J 1 < r < g — 1 the following holds 

r-l 

^_!_ T (-r) 0*x[r-l-2i/](-!/) 

i/=0 
r-l 

f,-i-r(-r) 0<5x[r-l-2i/](-i/). 

u=0 



Lemma 22. For d = g 

and 

5 9-l+r 
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Proof : Consider the closed subscheme Y = WJ+ 1+T <^-» X and its open comple- 
ment j : U = X\Y ^ X. Let E be a sheaf of C^-i+r) (not a sheaf complex). The 
map p : C , (s~ 1+r ) — > X is an smooth morphism over {/. Its fibers over f/ are pro- 
jective spaces of dimension r — 1. Therefore the standard truncation of the direct 
image complex L = Rp*(E[g - 1 + r]) on U vanishes in degree > r - g + 1. Hence 
the standard truncation r^ T _ g+1 L is zero on [/. The distinguished triangle 

implies r^ T _ g+1 L | ^ = L]^ and if = t> t _ +1 L is a complex with cohomology 
supported in V. 

The cohomology stalks of K at points yeY a \ Y a+1 for Y a = WJ+ 1 a +T C y are 
H v {K) y = " (V~ 1+Q? , £[ 5 - 1 + r] |P r ~ 1+a ) . 

i/>2r 

These cohomology stalks vanish on Y a in degrees 

i/ > 2(t - 1 + a) - (g - 1 + t) = t - £ + 1 + 2(a - 1) . 

By Riemann-Roch Y = K—W g -\- T and Y a = K—W g _ 1 _ T . Hence codim(Y a , Y) = 
codivniyV g _ x _ T , W g _i_ T ). By Martens theorem this is > 2(a - 1) for <? > 3. There- 
fore -dim(Y a ) > —dim(Y) + 2(a -1) = t - g + I + 2(a - 1). We have shown 
W(-fiQ| ya \y a+ i = for v > -dim(Y a ). Hence the complex K is semi-perverse 

K £ P D^°(Y) CPD^°{X) . 

Furthermore, if C is not hyperelliptic, the restriction of K to Y a for a > 2 is 
contained in P.D- _1 (Y a ) by Martens theorem. 

Now assume E to be a selfdual pure perverse sheaf of weight w on C^ 9 ~ 1+T \ 
Since p is a proper morphism, L = Rp*(E) again is a selfdual pure complex on X. 
Hence L = Q)PH v L{v) by Gabber's theorem. Then M v = j u [ p H v L) and we get 

L = L 0I» , 

where L again is a selfdual pure complex, whose cohomology support is contained 
in Y . Notice Tf__ g+1 L\y G P D-°(Y). The same applies for any direct summand, 
hence r> r _ +1 L G P /J-°(T). Since Z is selfdual and pure, L is a direct sum of 
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translates of perverse sheaves. If L is not a perverse sheaf on Y, being self dual, 
P H^(L) 7^ holds for some \i > 0. However the corresponding translated sum- 
mand of L remains unaffected by the truncation r> r _ fl+1 = T>_ dim , Y \ by [KW] 
III.5.13. This contradicts T> T _ rj+1 L G p D-°(y) unless Z is in Perv(Y). Hence 

L G Perw(y) . 

Concerning the sheaves M v : Let us now assume that E was the constant sheaf on 
C(9- 1+T ) . We apply [FK] III. 11. 3 to the projective smooth morphism p~ l {U) — > 
[/. Therefore p H T ^ 1 (Rp^5 C ( r ) \U)(t - 1) is the constant perverse sheaf on 5u G 
Perv(U). By the hard Lefschetz theorem applied for the projective bundle Q mor- 
phism p _1 (C7) — > [/, then all perverse cohomology sheaves p H v (Rp*5 C {r)) are 
constant perverse sheaves up to shifts and Tate twists. Therefore 

T-l 

©M" = ( y x [r-l-2 I /](-i/), 

i/=0 

where the term for u = r — 1 (restricted to U) corresponds to ^^(Rp^Sco) \U). 
Since r^ r _ g+1 (0 M 1 ") = in this case, we see that L = r$ T _ g+l L = K. 

Finally we claim, that for constant E the perverse sheaf L on Y is the intermediate 
extension of the constant perverse sheaf on Y, if C is not hyperelliptic. For this 
remains to show, that L\ Y ^ y2 is constant up to a Tate twist. However, over Y \Y 2 

we can argue as above to show that P H T (L) = P H T (K) is constant up to a r-fold 
Tate twist. Therefore 

l = s;_^ T (-r) . 

This remains true for hyperelliptic C with a similar argument, although the per- 
verse sheaves are not irreducible any longer. 

By a similar argument we get 

Lemma 23. Ford>2g-l we get 5 d = 0^ $x[d-g- 2v](-v). 
In particular the class of Sd in K*(X) is zero for d > x = 2g — 2. 



'See [10| theorem 16(b) 
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5.2 Triviality 



Lemma 24. For a partition 7 = (71,72, •••) with 71 > x the class of 5 7 in K#(X) 
is zero. 

Proof : Notice mlg = 1 for a = (71,0,..) and = (72,73,...)- Hence <5 7 is a 
direct summand of the complex 6 a * 6p. Since 5 a is a direct sum of translates of 
the perverse sheaf 5x (up to Tate twists) for 71 > x> the same holds true for the 
convolution 5 a * 6/3, hence also for each direct summand. 

Lemma 25. For a = (2g — 2, .., 2g - 2, 0, ..) of degree deg(a) = r(2g - 2) the class 
of 5 a in K*(X) is equal to the class of the perverse skyscraper sheaf 5{ r . K }( r x) 
concentrated in the point r ■ k E X. 

Proof : (6 2 g-2)* r = S 2g - 2 * - * S 2g - 2 = S a 0^ 5^ for [3 = (ft, ..) with (3 X >2g-2. 
{5 2 g-2) r = S a in K*{X) by lemma M But 6 2g ^ 2 = 5 {k} ( x ) by lemma [H This 
proves the claim. 

5.3 Duality 

In the following iterated convolutions with skyscraper sheaves at r ■ k g X occur. 
To avoid them, one could consider X-equivariant perverse sheaves on X x X 
instead of perverse sheaves on X . Notice, there is a natural equivalence between 
perverse sheaves on X up to translation in X, and X-equivariant perverse sheaves 
on X x X. Convolution products of X-equivariant perverse sheaves on X x X 
can be described by the formalism of [KW], bottom of p. 192. In the following, 
instead of using equivariant perverse sheaves, we often prefer to normalize k to 
become using an appropriate translate of C in X instead of the curve C itself. 

Notation : For a = (ax, a r ,0, ..,0) suppose a\ < x = 2g - 2. Then put 

P= (X ~ a T ,X ~ a r ~i, -,X ~ ai,0, ..,0) . 

S a and 5p are pure perverse sheaves of weight deg(a) respectively deg((5) = r\ — 
deg(a). Set r = r(g — 1) - deg(a). Then 
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Theorem 9. (5 a )~ 



= T* K (8p)(—T) holds as an equality in K*(X). 



Remark : If k is normalized to be zero, then ignoring Tate twists this can also be 
written 




since D(S a ) = 5 a . 

Proof : For the proof we ignore the Tate twists and also assume k = 0. We use 
induction and the two formulas: 

Formula 1) <5( ai ,..,a P _i) * *a P = s <* © m +W<^ 

v 

with summation over all v = .., u r , 0, .., 0) with v r < a r where we write 

m+ ( v ) ■= mt'-^ r) u > G N 
for the multiplicity. Similarly 

*(x-a P _i,..,x-ai) * S X-<*r = 5 P © , 

where the sum now only runs over the n = (/xi, ..,n r ,0, ..,0) with /xi > x - a r . 
Again m(/t) = m^ x _ a _ t x _ ai ^ x _ a \ £ N denotes the multiplicity. Now we read 
this formula in K*(X). This allows to ignore all \i with \i x > x = 2 (g - 1). In 
particular /x r ) = (x - v r , x - 1^) is then well defined. Thus, as a formula 

that holds in K*(X), this gives: 

Formula 2) <J( x - ar _ 1 ,.., x -a 1 ) * 5 x-a r = © m -H<5(x-^,..,x-"i) ' 

v 

where summation runs over all 1/ = .., 0, ..,0) forwhichx > x~ v r > X~®r 
holds, and where 

v y (x-ar-i,--,X-ai)(x-ar) 

For the proof of the duality statement between <5 a and ^ we now use an iterated 
induction on r and on a r . By the induction assumption on r we show that the left 
side of formula 1) and formula 2) correspond under duality. Then, by induction 
on r and a r we show, that all terms except S a respectively 5p on the rightside of 
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formula 1) respectively formula 2) again correspond under duality. This implies 
the desired duality between S a and 5$ by comparison. 

Equality of the left hand sides : For — n = a r — {g — 1) we have by induction on r 

$a r = T K{ S X-a r )(-Tl) , 

and similarly for —r r -\ = a± + .. + a r -i — (r — l)(g — 1) 

S (a u ..,a r -i) =T (r-l) K ( S (x-ar-i,..,X-a 1 ))(-Tr-l) ■ 

Here we also used T* o (K) * T* ± (L) = T* o+Xi (K * L). 

Equality of the sums on the right side : For a comparison of terms in the direct 
sums on the right sides of formula 1) and 2) by induction on r and on a r we 
have 5 {v u ..,u T ) = T * K ( S x-^,..,x-^) ( as an equality in K*(X)). 

This being said, we remark that the Littlewood-Richardson coefficients 

m + (v) = m-(u) 

coincide. This will be shown in the next section. Taking this for granted now 
this implies, that the sums on the right sides of formula 1) and 2) agree with 
multiplicities. Hence 5~ = T* K (5p) - (r) in K m (X), as desired. 

Induction start : Concerning the induction start a r = we remark, that for a r = 
we are in principle in the case of the induction used for the left sides. The only 
subtlety is, that we now have to use, that <5( x _ ari ... )X _ ai ) = <5( X)X - ar _i...,x-ai) = 
5 X * <5( x _ Qr _ lv .. !X _ Ql) = 5 {x _ ar _ u ... !X _ ai) holds in K*(X). In fact, this turns out to 
be a special case of the formulas stated above. 

5.4 The Littlewood-Richardson rule 

A partition 7 = (71, 72, ■ • • ) has an associated Young diagram. Consider it as lying 
in the first plane-quadrant touching the x-axis. The first column - touching the 
y-axis - has height 71, the second column to the right has height 72, and so on. 

To describe the rule Littlewood-Richardson notice, that m? ' n vanishes unless a, < 
7i holds for all %. In other words: the Young diagram of a has to lie inside the 
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Young diagram of 7. This defines the complementary skew tableau 7/a, which 
is the complement of the Young diagram of a in the Young diagram of 7 (it is a 
subdiagram of the Young diagram of 7). Fill the entries of the skew tableau with 
numbers 1, 2, 3, .., having the multiplicities (3±, fe, ■■ respectively, according to the 
filling rules 1-3) described below. 

Then the Littlewood-Richardson rule says, that the multiplicity mlg is the number 
of different possible fillings of the skew diagram 7/a satisfying the 

Filling rules : 

1) Entries in each column must be weakly increasing in the direction away 
from the x-axis. 

2) Entries on the same horizontal line of the skew diagram must be strictly 
increasing in the direction away from the y-axis. 

3) Finally, starting from the highest entry of the first column of the skew di- 
agram, then descending in direction of the x-axis, then starting from the 
highest entry in the second column of the skew diagram descending in di- 
rection of the x-axis, and so on, each filling defines a sequence of integers. 
Say n v counts, how often the integer n occurs among the first v terms of the 
sequence. Then the filling rule 3) requires, that n < m always has to imply 

> m M (for all n > 1). In other words: The integer n occurs not less often 
then m among the first \i terms (no matter how fi is chosen). 

1. example : a = (a±, av_i, 0, ... ) and = (a r , 0, ... ) 

In this case 7/a is filled with the single number 1. Hence rules 1) and 3) become 
meaningless and only rule 2) has a consequence: in each horizontal line of the 
skew diagram at most one entry is possible. Hence in our example the total num- 
ber of filling positions is a r . Hence the possible diagrams 7, which allow a filling, 
have the form (*) 



In particular, rule 2) excludes the nonvanishing of 7 r +i. Every 7 = (71,..., j r ) 
satisfying condition (*) and the following trivial condition (**) 



71 > Oil > 72 > ... > 7 r -l > a r _i > 7 r > . 



r 




i=l 
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(this is the condition, that the total number of fillings is a r ) can occur, and it occurs 
with multiplicity 

m+(7) = 1 . 



Additional remark : For a r _i > a r , the lexicographic minimal possible choice for 
such 7 gives 7 = (ai,..,a r ). All the other 7's, which allow fillings as above, 
necessarily satisfy 

a r > 7r > 

where j r = a r - YdZi (li ~ a %) is uniquely determined by 71, .., j r -i- 

2. example : a = (x - av-i, — , X - «i> 0, ... ) and = (x - a r ,0, ... ). 

Again filling is done with the single number 1 with only rule 2) being relevant. 
Possible 7, which allow a filling, are now of the form 

71 > X - «r-l > 72 > X - a r ~2 > ••• > 7r-l > X - Oil > 7 r > . 

Again rule 2) excludes j r+ i > 0. Again there exists a unique filling, if this condi- 
tion together with the degree condition deg(^) = r\ — J2l=i a « holds. Hence the 
multiplicity is 

m_(7) = 1 

in this case, and is zero otherwise. 

For the proof of duality : Comparing the first and the second example we complete 
the proof of theorem[9] For this parameterize the possible 7 = (71, ..,7 r ) by their 
dual parameters x - 1 = (x — Jr, —, X — 7i)- This is possible without problem 
for the parameters 74 if i = 2, .., r. This gives a true partition 7 only for 71 < x- 
However we will see immediately, that we can ignore the other cases by lemma 
|24| Ignoring these cases, the conditions above for the dual parameter become 

X - 7r > X - «r-l > X ~ 7r-i > X - «r-2 > ••• > X - 72 > X - oci > X - 71 > . 
Equivalently this means (*)' 



The additional trivial degree condition (counting the total number of fillings) is 

[(X - 7r) - (X - Or-i)] + ... + [(x - 72) - (X - «i)] + (X - 7i) = X - "r or (**)' 



7r < a r -l < 7r-l < "r-2 < ••• < 72 < "1 < 7l < X • 



r 




1=1 
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Additional remark : Suppose a>i > a^. Then y t = % — a r -i for i = 1, ..,r defines 
the lexicographical minimal choice for 7, subject to the conditions (*)' and (**)' 
above. In the other cases 71 = x — 7r > X ~ a ii i- e - 

Comparison : The discussion above shows, that the solutions 7 of the conditions 
(*) and (**) of the first example precisely match with the solutions 7 of the con- 
ditions (*)' and (**)' of the second example, except for the 'missing' boundary 
condition 

0<7r 

in the second example (which is equivalent to 7 < %), respectively the 'missing' 
boundary condition in the first example 

7i < X ■ 

If we discard such values of 71 (which is possible in the setting of the proof of the 
duality theorem in the last section) this establishes a bijection between solutions 
defined by 

7 < — > X ~ 7 

This duality was already used for the proof of the duality theorem together with 
the fact, that in these special cases all multiplicities are one. 



5.5 Perverse depth 

For all a the complex 5 a is a direct sum of a perverse sheaf and a direct sum 
0r,4zv] of translation-invariant perverse sheaves T v by theorem [71 In this section 
we prove a slightly stronger result. The proof uses (an elementary special case) of 
the Littlewood-Richardson rule and affine vanishing theorems (see the following 
lemma [26*1) . 

We abbreviate e r = 5 a for a = ([l] r ) = (1, 1, 0, .., ). For the moment we assume 
the following lemma later proved in section [5771 
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Lemma 26. For all r there exists a constant Co such that 



>p h , 



(e r ) = holds for all v £ [-Co, Co] . 



Using this lemma we claim a similar vanishing statement holds for all 5 a which 
satisfy a\ < x for some new constant C\ instead of C : 

To show this notice, that for a\ < \ the complex S a is a direct summand of the 
complex 

£/?!*■••* ep s , 
where f3 = ((3i,...,/3 s )is defined by 

P = a* . 

This statement is an elementary special case of the Littlewood-Richardson rule 
corresponding to the fact that every irreducible representation of the linear group 
is contained in a tensor product of the fundamental representations. Notice s < 
"i < X- Since the perverse depth of the complex e^M ■ ■ - Mep s e D b c (X s ) is at 
most s ■ Co < x • Co, and since the direct image under the iterated smooth addition 
map a : X s — ► X shifts the perverse depth at most by the relative dimension 
g ■ (s — 1), we obtain the estimate s ■ Co + g ■ (s — 1) < x ■ (Co + g) for the perverse 
depth of * • ■ ■ * e s , hence the same estimate for the perverse depth of any S a . 
This proves the claim. 

By triviality S a = 0, which holds for all a with a.\ > x, w ^ therefore get the 
following weaker result (now for all a) 

Conclusion : There exists a constant d such that for all partitions a the perverse 
cohomology sheaves p H v (5 a ) are constant perverse sheaves for u [—d, d]. 

Choose d minimal with this property.We claim d = 0. Suppose d > 0. Then 
there exists S a such that p H d (5 a ) is not constant. For certain irreducible perverse 
sheaves A = A, h i e I we write 



8« = © © A W] 



(^) V = © © ^[u] 



A v=—va 



A v=—v A 
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using the Hard Lefschetz theorem and Gabber's theorem. For some nonconstant 
A then va = i>a- = v da = d. Let J C I parameterizing all Aj with the same 
property. Then 

Wl=00 A[u}*A v [fi] = (Ai*A])[-2d\ + lower shifts . 

iei jei v=-v Ai n=—v Aj i,je,J 

By lemma [6] 

iGJ 

Duality 5% = T*(8p) for some y = r ■ k G X(k) implies 

n 2d (S a *5^)= H 2d (5x - translates) T*H 2d (5 a * 5 P ) 
= n 2d {5 x - translates) 0myr;H M (i 7 ). 

7 

Since all P H V (5 1 ) are constant perverse sheaves for v £ [—d,d], all W(£ 7 ) are 
constant sheaves for v > d and therefore H 2d (5 a * 5%) ^ ©' Q l x for some integer 
I > 0. Hence for / > 

i 

0w°(A*4 v ) = 

But each support of ft°(A * A V ) is contained in S(Ai) = {x e X \ T*(Ai) ^ A,,}. 
From corollary \T\ we conclude: T*{Aj) = Ai holds for all x £ X, if j e J. This 
forces Ai = 5 Xi for some unramified character x% € Hom(iri(X, 0), Q*) by section 
I2.3L The next lemma implies that all Xi are trivial. This gives a contradiction 
proving d = 0. 

Lemma 27. Suppose 5 X <^-> 5 Q /or iome partition a and some character x, then % 
is the trivial character. 

Proof : If follows 5 X <^-> <5* r . Since <5* r = &~ l ^ 9 / 2 8 x plus terms of lower order 
in the Grothendieck group, the conclusion above implies that 5 X is constant by 
choosing r large enough so that (r — 1)5/2 > d holds. Hence x must be constant. 

We conclude 
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Theorem 10. For v ^ and arbitrary a there exists an integer m(a, v) such that 

p H u (6 a ) ^ m(a, v) ■ 8 X for u^O. 

Furthermore p H°(5 a ) does not contain irreducible constituents 5 X except for the 
trivial character \- 

Corollary 14. There exist pure perverse sheaves p 5 a , which do not contain any 
translation-invariant constituent, such that 

5 a — p S a 

holds in the Grothendieck ring K°(Perv m (X)) ® Z^ 1 / 2 , f 1 / 2 ]. 

Example : In case a% = g for instance 

5 a = p 5 a e dim(H ( ™'-' ar '" r ) ■ 5 X ■ 
The multiplicity dim(H_'"'' ar '"' ) is a nonzero constant! 

5.6 Computation of P a (t) 

For the perverse sheaves p 5 a the hypercohomology groups IH V (X, p 5 a ) vanish in 
degrees v > g, since they do not contain constant summands. Since the degree of 
h(Sx,t) in t 1 / 2 is g, P a (t) can be computed from h(5 a ,t) via 

h($a,t) , s r(a,t) , , , 

h(dx,t) h(d x ,t) 

Corollary 15. 5 a = p S a if ax < g — I. More generally 

deg t i/2 (P a (t)) < a.\-g . 

Proof : Since h(5 x ,t) = r^l+t 1 ^ = (t^+t' 1 / 4 )^ has degree deg t ^ h(5 x ,t) = 
g, this follows from corollary 14.21 by comparing the dimension of the hypercoho- 
mology groups. Notice 

deg t i/2 (h(5 a ,t)) = ax . 

This also implies 

Corollary 16. For ax < g — 1 the dimension d a of the support Y a of 5 a is 

d a > Oil . 
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5.7 Proof of Lemma 
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Recall e r = Rp*{T a )* where a = (17) is of degree deg(a) = r and p : — > X 
was the Abel-Jacobi map. T a is a perverse sheaf on of the form :F Q = F e [r] 
for an etale Q t sheaf F e on obtained as a direct factor in f*\c for the finite 
morphism / : C r — > C( r ). Its sheaf cohomology is concentrated in degree — r. The 
morphism / : C r — » defining F £ is etale on the complement of the diagonal 
divisor 

^JAijCC , Aij = {(xi, ..,x r ) 6 C | Xi = Xj} . 

#3 

The image of U f / • Ay in C( r ) defines an irreducible divisor Y T of equal to the 
image of the irreducible variety C( r ~ 2 ) x A(C) under the natural map 

C (r~2) x ^(2) ^(r) _ 

Let U = U r ^ denote the open complement of Y = Y r 

U <L> c {r) ^ Y . 
The multiplication law |4J] implies, that F e [r] is a direct summand of 

r^F £ [r-2]MF £ [2]J 

defined by the corresponding sheaves T £ on C^ r ~ 2 ^ respectively C^. The stalk of 
F £ at a point of Y vanishes. For this it is enough to consider the case r = 2. For 
r = 2 the direct image of the constant sheaf under the morphism C xC — > de- 
composes into the direct sum of the constant sheaf and the sheaf (C^, F £ [2}). The 
stalks have dimension 1 over the diagonal A C and dimension 2 outside the 
diagonal. Hence the stalks of (C^ 2 \ F £ [2]) have dimension zero over the diagonal 
and dimension 1 outside the diagonal. 

Now return to the general case r > 2. Since F £ corresponds to the sign-character, 
it becomes a smooth etale sheaf E = F £ \u r on U r of rank one. Its stalks vanish on 
Y. Therefore 

F £ = j,(E) , j:U = U r ^C^. 

There are special interesting cases: First let us consider the case r < g — 1. In 
these cases the morphism p : — > W r is a birational map. Hence 
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Lemma 28. For 2 < r < g — 1 the perverse sheaf e r in Perv(W r ) C Perv(X) is 
the intermediate extension 

e r = h(E[r}) , j:U r \ p _1 (W?) w W r 
/rom U r \p~ l {Wj:) to W r for the smooth rank 1 etale sheaf E = F e \(U r \ p~ 1 (W^)). 

Now consider the case r > 2g — 2. Then p : — > X is a smooth projective 
bundle morphism, whose fibers are projective spaces of dimension \i = r — g. 
Hence, by the proper basechange theorem, the cohomology stalk of e r is 

H v (e r ) x = H V {W,F £ ) = H» +r (W n U r ,F £ ) 

since T £ = j\(F £ )[r\. There are two possible cases. Either W n f7 r = W if x e X 
is not in the image of the divisor Y C C^. Or otherwise P M n f7 r , which is 
the complement in P^ of the effective divisor Y n P M C P^. Hence, since any 
effective divisor of the projective space P^ is ample, the complement P'' n U r is an 
affine variety. By the vanishing theorem for affine varieties by Artin-Grothendieck 
therefore 

H»+ r (F^ r\U r ,F £ ) =0 , u + r < fi = r - g . 
This implies the vanishing of 7i v (e r ) x for v < -g. 

Lemma 29. For r > 2g - 2 and v < —g the cohomology sheaves H u (e r ) vanish. 

Proof : By the discussion above it is enough to show, that the composite morphism 
Y <^-> — > X is surjective. Since Y contains C^" 2 ), this is clear for r — 2 > g, 
hence for g > 3 and for 5 = 2 and r > 3. For 5 = 2 and r = 3 this is also true by a 
direct inspection. 

Corollary 17. e r e st D^-9(X)for r>2g-2. Hence p H u (e r ) = Ofor v>g. 

Since e r is a self dual complex on X this implies, that the perverse cohomology 
p H v {e r ) vanishes for v £ [—g,g] provided r > 2g — 2. Since any complex K e 
D b c (X) has finite perverse depth, we conclude that there exists a constant C , so 
that p H v (e r ) vanishes for v £ [—Co, C ]. This proves lemma |26l 
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5.8 BN-sheaves 



Notation : A nonconstant irreducible perverse constituent K of some 5 a , or equiv- 
alently an irreducible perverse constituent of some p S a , is called a Brill-Noether 
sheaf (BN-sheaf). 

Definition. The category BAf' of BN-sheaves is the full subcategory of Perv(X) 
generated by direct sums of BN-sheaves on X. It is a semisimple abelian category, 
closed under K h-> K v = D(K~). The category is not closed under convolution. 

Lemma 30. The cohomology functor H'(X, L) is faithful on the abelian category 
BAT. 

Proof : It is enough to show that H'(X, L) = implies L = for L e BAf. Let 
M denote the full abelian subcategory generated by all perverse BN-sheaves L, 
whose cohomology groups H'(X, L) = 0. This category N is closed under direct 
sums, Verdier duality, duality and the convolution product. By semisimplicity 
(Gabber's theorem) it is also closed under taking subquotients! But any subcate- 
gory M of the category Perv(X) of perverse sheaves with these properties, which 
contains a nonzero object, must contain the unit 1 = do, since 1 w L * DL~ for 
L / 0. Since the cohomology H*(X,S ) = Qi of 1 = 5 does not vanish, this 
implies TV = and proves the claim. 

Let BAf'o be the full subcategory of perverse sheaves in BAf' of 0-type. BAf' Q is 
closed under subquotients, direct sums, convolution and K h-> K v . 

As aready remarked BAf' is not closed under convolution. From lemma [16] and 
theorem [10] we only have the weaker property, that the convolution of two BN- 
sheaves is a direct sum of BN-sheaves and translates of constant perverse sheaves. 
So, by corollary[3l we may pass from BM' to its image BAf in the quotient category 
Perv(X) (see section [2731) to obtain 

Lemma 31. For BN-sheaves K, L we have 

Hom BN {K,L) *± T {0} (X, H°(K * L v ) v ) . 
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In fact the quotient functor K — > K from Perv(X) to Perv(X) induces an equiv- 
alence of BM' with its image category BM. On the quotient category convolution 
defines a tensor functor 

* : BM x BN -> BM . 

Lemma 32. Let K be a BN-sheaf. Then 

1. K * 5c and K * 5-c are perverse sheaves. 

2. If K is irreducible and 5x is a summand of K * 5c or K * 5~c, then the 
dimension of the support of K is d = g — 1 or d = g. 

3. The group of automorphisms of K is finite. 

4. Ky£0^-K*5 c ^0. 

5. The Verdier dual D(K) is a BN-sheaf. Similarly K~ and K y = D(K~) are 
BN-sheaves. 

Remark : These statements carry over for translates T*(K), x e X(k) and K a 
BN-sheaf. 

Proof : Since (K * 5c)~ = K~ * 5-c the first claim is a special case of theorem[7] 
The second is a special case of theorem[6] ByCQthe support of TC°(DK * K~) is a 
torsor under the automorphism group of Aut(K). Since K is irreducible perverse 
nonconstant, by lemmal27lthis support is a proper subset of X. Since DK*K~ 
<5 7 © some translates of constant perverse sheaves, this implies H°{DK * K~) ^ 
7i°( p 5^). Since p <5 7 is a perverse sheaf, its cohomology sheaf 7i°( p 5^) is isomorphic 
to the direct sum of all perverse summands with zero-dimensional support. Hence 
this is a skyscraper sheaf on X. Therefore Aut(K) is finite. Concerning property 
4). 7i°{DK * K~) is nonzero for any perverse sheaf K ^ 0. K * 5c = implies 
DK * 5c = 0. Since K ^ 5 a for some a, we get K~ 5~ = T* 6p <^-> 5 C * 
■ ■ ■ 5 c +x for some (3 (using duality). Hence DK * K~ <^-> (DK * 5c) * • ■ ■ 5c+ Xo , 
where the convolution on the right side now is a sum of translates of constant 
perverse sheaves. Hence TC°(DK * K~) is a constant sheaf contradicting 3). The 
last properties follow from Verdier duality D5 a = 5 a respectively from Riemann- 
Roch duality ^ *8p. 

By abuse of notation we will identify the two categories BN' and BM in the fol- 
lowing. 
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5.9 Preliminary multiplicity formulas 



Let Perv(X)' be a subcategory of Perv(X) such that for all K,L e Perv(X)' the 
complex K * L v e £>cP^ Qz) is a direct sum of a perverse sheaf in Perv(X)' and 
a sum ©yTyfzv] of translation-invariant perverse sheaves T u e Perv(X). Then the 
quotient category Perv(X)' in Perv(X) is closed under convolution 

* : Piru(X)' x Pi^pf )' Peru(X)' , 

a typical example being the category Perv(X)' = BN of BN-sheaves. 

For 5 C G Perv(X)' and if e Perv{X)' put L = K * 5c ■ L * L y = K * K y * (1 ffi O) 
for * <^ = 1 © and ft ^ ft v by section |4~4l Now Horrip^, x y (A, B) = 
T {0} (X,H°(A * B v ) v ) using corollary [3] implies 

H ° m p^(xy( L > L ) = H omp^ {xy (K,K) © Homp^ {xy (n,K * if v ) . 

For semisimple if e Perv(X)' of geometric origin let if = 0[ =1 • -FQ be the 
decomposition into irreducible components ifj. Assume none of the irreducible 
perverse sheaves Ki to be translation-invariant. Then 

r 

*>m(K) := J>f = dvm{Ham-p^ {x) ,{K,K)) . 
i=i 

Furthermore 

L = 5 C *K = P®T K 

is a semisimple perverse sheaf on X by theorem [7J Without restriction of gener- 
ality P does not contain a translation-invariant irreducible constituent, and 

p m(L) := p m(P) = dim(Hom-p^ {xy (L,L)) . 

Lemma 33. Suppose K e Perv(X)' is a semisimple perverse sheaf on X of geo- 
metric origin. Then for L = K * 5c 

p m(L) = p m{K) + dim Hom Perv{x) (^, p H (K * K y )) . 

If C is not hyper elliptic, then 

dimHomp erv{x) (n, p H (K*K v )) ^ — • dim7i~ l {K * K V ) Q . 
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Corollary 18. If K in the last lemma is ofO-type, then p m(K) = p m(L). 



Proof : P H°(K * K v ) is again of 0-type. Either Q is irreducible with H- 2 (X, n) ^ 
Qi, or it is a direct sum of 5c~c (with the same property H~ 2 (X, Sc-c) — Qi) an d 
A with H- l {X, A) ^ Q* g . Hence any map from to * K w ) must be zero 

by Gabber's theorem. Now apply lemma l33l 

Corollary 19. p m(K * 5c) = p m(K * S-c) under the assumptions of lemma [351 
Using the argument of section [5^61 one also obtains from the Kiinneth formula 

Lemma 34. Suppose K e Peru(X)' w a semisimple perverse sheaf on X. Then 

dim(Homp erv ( X )(fix, K * 5c)) = dim(H 9 (X,K)) . 

Applied for L v = K v * S-c instead of L = K * 5c gives 

dim{H9- x (X,K)) = dim{H 9 - l (X,K y )) . 

5.10 Dimensions 

A collection of numbers d(a) € Z for the partitions a, such that 

d{a)-d((3)=Y,™lp-d(l) 

holds for all partitions a and (5 will be called a system of dimensions. Notice 
d(0) = 1. For partitions a of degree deg(a) = r parameterizing the classes of 
irreducible representations a a of the symmetric group S r , recall the involution 
ol i — > ol* . If a parameterizes the class of a a , then a* parameterizes the class of 
a a <g> sign. In particular 

(r,0,..,0)* = ([r])* = ([ir). 
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For a system of dimensions d(a) also d(a) = d(a*) is a system of dimensions, 
which is an immediate consequence of 

7 7* 
otp a p 

This holds, since the sign character on S s x Sj ^ S a+ 5 restricted to S a x £ b 
is the tensor product of the sign characters of S a and £ 6 . By induction on the 
lexicographic ordering, a system of dimensions is uniquely determined by the 
numbers d(a) for a running over the partitions (r, 0, .., 0)* for r e N. Hence 

Lemma 35. Two systems of dimensions di(a) and ^(a) coincide, if d\([r\) = 
d2{[r}) holds for all integers r. 

In our case the Euler characteristics 

d 1 (a) = ^2(-l) v dim(H v (X,6 a )) 

V 

are a system of dimensions (depending only on the genus g). This follows from the 
Kiinneth formula. x (S a (H + )) = (-l) a • (a + 1) implies di([r}) = S a+i=r (-l)V • 
\ b {H-) for X b = dim(A b (H^)) and a a = dim(S a {H + )) = a + 1 by lemmaHE For 
a vectorspace H of dimension 2g — 2 choose some isomorphism H + ffi H = H_ 
(notice g > 2). Then \ t (H_) = X t (H + )X t (H) and X t (H + )^ 1 = <J- t {H + ) for the 
power series X t {.) = ££o A %)^ and a t {.) = EZo^i-)^- Hence 

d!((r,0,..,0)) = A r (F) = ( 2 ^" 2 ) , 

the binomial coefficient being zero for r > 2g — 2. 

Corollary 20. The systems of dimensions defined by 

1. d x {a) = J2A- 1 T dim ( HU ( x ^c e )) , and 

2. d 2 {a) = dim{H a ') 

coincide. Hence for all partitions a, for which a\ <2g — 2 holds, the dimensions 
d 1 (a) = Y J (-l) U dim(H u (X,5 a ))>0 , ay < X 

are positive. 

Proof : The last assertion follows from dim(H a ') > 0, which in turn follows from 
the well known classification of irreducible representations of the group Sl(2g—2). 
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Chapter 6 



Some special cases 



6.1 Hyperelliptic curves II 

By the multiplication law (section |4~TT) we always have 

Sg-1 * Sg-l = S 2g -2 © fag-3,1 ffl " " " ffi • 

Also by the multiplication law * Si = Si g -i © 52g-3,i- Therefore £29-3 * <5i 
is a direct summand of <5 3 _i * S g -i. Combined with 629-3 = S K -c (lemma 1221) this 
implies #29-3 * Si = S K -c * Sc = S K+ c-c © where the latter follows from 14.41 
Hence S K+ c-c ^ 69-1 * S g -i. By corollary [13] (iii) we have S g -i = Sq in the 
non-hyperelliptic case. So for non-hyperelliptic curves the above identities imply 

Sn+c-c ^ Sq* Se ■ 

As a consequence the perverse sheaf S K+ c-c satisfies the properties of theorem ITTI 
below in the non-hyperelliptic case. This follows from section 1441 and corollary 
1 See also 1551. 

The hyperelliptic case. For hyperelliptic curves C this argument brakes down. 
Instead for 1 < r < g — 1 consider the proper morphisms 

f r : W r X W r -» X 

(x,y)i->x-y . 
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We have C = e — C, where for simplicity we assume the point e to be 0. This 
can be achieved by a suitable translation of the curve C. Then W r = —W r . The 
inverse image /,r 1 (C — C) in W r x W r of the surface C-CCI 



(x,y) + W r -\ 
{x - yY — 



/-i(C -C)c 



C- C c 



admits a morphism 



g : C xC xW, 



r-l 



X 



defined by (x, y, D) h-> (x + D, y + D) e W r x M 7 ,., such that f r °g surjects onto 
C-C. Notice C + T^ r _i C W r . 

For later reference observe, that if 8 denotes the hyperelliptic involution, then 

v r (a,b) = (9(a), 9(b)) acts on W r x W r , such that f r o v r = f r and the following 
diagram commutes 



(C XC)X W r . 



W r X W r 



I/lXfl 



W r X W r 



(CXC)X W r -1 ~ 

Claim: g(C xC x W r -x) is an irreducible component of f~ l (C — C) of the highest 
possible dimension r + 1, and for some open dense subset U C C — C the fibers of 
f r are of dimension < r — 1 over U. 



Taking this for granted (see lemma [36] below) let us consider 

$W r * $W r = $W r * $-W r = Rfr,*($W r ^ <>W r ) = Rfr,*(Q 



LW r xW, 



;[2r]) ■ 



For the last equality recall, that 5w r = Qi,w r M holds in the hyperelliptic case by 
lemma |20l Choose U C C - C as above. Consider the cohomology sheaf of 
$w r * $w r hi degree -2 over the open dense subset U of C - C 



H (S Wr * 5w r )\Tj = R r fr,*(Qi,w r xw r )\u ■ 

The proof of lemma [36] shows, that 5w r * &w r is a direct sum of a perverse sheaf 
K on X and a sum of translates of constant perverse sheaves, such that 



H- 2 (5 Wr *6 Wr ) = H~ 2 (K) 



90 



Perversity implies, that the support of H~ 2 (K) has dimension < 2. Furthermore 
any contribution of H~ 2 (K) \u over the generic point of U necessarily comes from 
a perverse direct summand L e Perx(X) of K with support in C — C. This now 
allows to detect perverse direct summands of 5\y T * 5w T by considering the higher 
direct image sheaf R 2r ~ 2 f r ,*(Qi,w r xw T ) \ v - I n f act by the usual excision arguments 
this higher direct image contains the subsheaf 

R 2r - 2 (fr°g)*(®i)\u^a, 

since as stated above the image of g is an irreducible component of highest dimen- 
sion r + 1 in / r T 1 (C - C) with relative dimension r — 1 over U. 

The morphism (f r og)(x,y,D) = x — y can be identified with the cartesian product 
/ r o 9 = / lX s: (C xC)x W T -i -► (C - C) x Spec{k) = C-C, where /i = f r 
for r = 1, and where s : WV-i — > Spec(k) is the structure morphism. Since /i is 
finite over a suitable chosen C7, R 1 fi,*(Qi)\ u = holds for i > 1 over a suitably 
small open dense U c C — C. For such a choice of U from the Kiinneth formulas, 
applied for the proper morphisms f\ x s, we derive 

R 2r ~ 2 (f r °g)*(Qd\u = R°hAQi)\u ® ^ 2r_2 «*(Qi)| t/ • 

Since W r _i is irreducible of dimension r — 1, the trace map gives an isomorphism 
R 2r ^ 2 s !l ,((Q l )\ u = Qi tU ignoring Tate twists. Hence we obtain an injective sheaf 
morphism 

fi,*^i)\u^n- 2 (d Wr *Swr)\ U ' 
They same holds for r = 1, where this map is an isomorphism with fi,*(Qi)\U = 
Qi,u © E \u- See section |4~4| Hence 

Qi,u © e\u = n- 2 (d 1 * St)^ ^ n- 2 (5 Wr *5 Wr )\ u . 

By the support dimension dim(U) = 2 and the definition of middle perversity one 
concludes, using perverse continuation from U to C — C as already mentioned 
above, that 

p H°(5 Wr * 5 Wt ) = 5 C -c ® A (£)■■■ 
holds, where A = 5e = <5i,i as defined in section l4~4l 

Lemma 36. Suppe 1 < r < g — 1. The fibers of f r have dimension < r. There 
exists an open dense subset U C C — C, such that the fibers of f r over U have 
dimension r — 1. In particular dim(f~ 1 (C — C)) < r + 1. Hence g(C x C x W r -\) 
is an irreducible component of f~ x (C - C) of highest dimension. 
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Proof : f r : W r x W r — > X is proper. Hence for a closed point x of X we have 
dim{f^ 1 {x)) > r - 1 3n > 2r - 2 such that R n f r ,*{Qi) x / by the proper 
base change theorem. Since Rf r ,*(Qi)[2r] = Sw r * $w r as shown above, this is 
equivalent to 3m > -2 such that TC m (5w r * $w r )x / 0. Since 5yv r * <V r ^ 5 r * 5 r 
(lemma [20]) and since 5 r * 5 r is a direct sum of a perverse sheaf 

a=(cn ,a2),cfe<?(a)=2r 

and a sum T of translates of the constant perverse sheaves 5x (corollary [14]) . 
we obtain the following estimates: By perversity H m (P) = for m > and 
"ft m (-P)|;y = for m > — 1 for some suitable chosen dense open subset U c C - C. 
Concerning the complex T. By corollary [15] the maximal depth of translation of 
5x within T can be estimated by the maximum of the degrees deg t (P a (t)) with 
a = (ai,a 2 ), such that 5 a <5 r * 5 r . Since deg(a) = 2r, we get aj < 2r. 
Hence ai — g < 2r — g < r — 1 with equality only for r = <? - 1. This proves 
oti - g < g — 2, with equality only for r = g — 1. By corollary [T5l therefore 
degt(P a (t)) < a\ — g < g — 2. Hence 7i m (T) vanishes for m > —1. We conclude, 
that for f r the maximal fiber dimension is r, and the fiber dimension over U is 
<r-l. □ 

We remark, that in fact 5 g -\ * 5 g -i contains a translate <5x[— 9 + 2], which restricts 
to the sheaf 5c-c on C - C. 

Recall from section |44l that the support of the irreducible perverse sheaf 8\ t i = A 
is a translate of C — C, such that 7Y _1 (A) = ff 1 (C) ® 5o- Since by our conventions 
= — 0, we obtain from the preceding discussion now also in the hyperelliptic 
case 

Theorem 11. There exists an unique irreducible perverse sheaf A 5e * Sefor 
Sq = &w g -i characterized by one of the following equivalent properties 

1. H^ 1 (A) is non-zero, but not a constant sheaf. 

2. H~ l (A) = H l (C) ® is a skyscraper sheaf concentrated in the point 
k G X defined by = k — 0. 

Furthermore the support of A is a translate of the subvariety C — C C X. 
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Corollary 21. Suppose C is hyper elliptic. Then Sc*Sc* Sc has seven irreducible 
perverse constituents. 

Proof : 5c * 5c * 5c = Q) 262,1 © £3, and £3 = 5w 3 © Sc- We will see, that e 3 is 
irreducible. From section H31 we know 62 = Sw 2 © So. Hence S3 © £2,1 = 62 * Si = 
{Sw 2 © So) * Sc = (Sw 2 * <VJ © Sc. Lemma |2TI implies, that S c is a summand of 
Sw 2 * Swt ■ Since S3 = Sw 3 © Sc, therefore 

#2,1 = Sc © £ 2 i . 

Recall e 2 * <5_ c = e\ © ^29-3,1 up to translates of constant sheaves. Further notice 
p 52 S -3,i © 5 {e} = S c * S e - C = Sw 2 © A <5 {e} . Hence p m(e 2 * £-c) = 3. For 
E2 * Sc = 82,1 © £3 the multiplicity formula p m(e 2 * <5c) = p m(e 2 * #-c) of lemma 
[191 therefore implies p m(e 2 * <5c) = 3. Hence p m(e 3 ) = 1 and p m(5 2 ,i) = 2, and S' 2 1 
is irreducible. This implies the assertion. 

6.2 The perverse sheaf e g -\ 

In this section we suppose, that C is not hyperelliptic. Then e g _i is an irreducible 
perverse sheaf on X by corollary \\3\ We compare the properties of S g -i with 
those of <5g_i. The proofs are geometric. The results of this section are obtained 
independently and more generally from theorem [14] 



Lemma 37. If C is not a hyperelliptic curve, £29-2 does not contain the skyscraper 
sheaf S {k} . 

Proof : The fiber p 2 }_ 2 (k) = IP 9-1 , is canonically isomorphic to the linear system 
of the canonical class of C 

p 2g 1 _ 2 (K) = \K\^F°- 1 . 

We have to show 7^°(P 9_1 , £2^-2) = 0, or equivalently that the sheaf F e (genie of 
rank one on C^ 2g ^) has nonconstant restriction to this fiber. 

We fix a canonical divisor K on C. By the theorem of Riemann-Roch one can 
choose an arbitrary positive divisor D e C^- 1 ) of degree g — 1 on C, such that 
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h(C, K — D) = h°(D) > 1. For a divisor D of general position in C^ 9 ^ evidently 
h°(D) = 1. In other words, there exist U C C^ 9-1 ) dense open, such that for D £ U 
there is a unique positive divisor 9(D) e C^ 9-1 ), such that D + 6>(D) = K. This 
defines a regular morphism U — > C^ 9-1 ). Since C^ 9-1 ) is normal, it extends to a 
morphism : C^ 9-1 ) — > C^ 9-1 ) making the diagram 

C (g-1) ^(fl-l) 



P9-1 



Pb-i 



commutative. Obviously then 9 2 = id. Hence 9 is an automorphism of C^ 9-1 ) of 
order two. 

Hence there exists the morphism 

C<(s-i) —L^ \k\ = P 9 ^ 1 C C( 2 »- 2 ) 

defined by f(D) = D + 9(D) e C^ 2g ~ 2 \ By dimension reasons this is a surjective 
morphism. 

Now suppose F £ restricted to \K\ is trivial. Then, the restriction via / is trivial. 
Since / factorizes over C^' 1 ) -> C^' 1 ) _> c^ -1 ) x C^ -1 ) -> C<&- 2 \ where the 
first map is id x 9, and since F e on C^ 9 ^ restricts to F £ M F £ on C^ 9-1 ) x C^ 9-1 ), 
this would imply F e ^ 9*(F £ ) on C^ -1 ). 

Suppose this were the case. Then, the ramification locus V of F £ and the ramifi- 
cation locus V of 9*(F £ ) in C^ 9-1 ) must coincide. The divisor F is the image of 
the finite surjective map 

C x C (9 ~ 3) -» C^" 1 ) 

defined by (P, D) i-> 2P + D. But then 0(2P + D) = 2P' + £>' must hold for some 
P' e C and some D' e C^ 9-3 ). For P and D in general position (contained in 
U n 0(C)) however the points P' e C and D' e C^ 9 ^ defined by this are uniquely 
determined. This defines a birational map C x C^ 9 ~^ —> C x C^ 9 ^\ which is 
regular on U n 9(U). Again by normality this birational map extends to a regular 
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morphism, making the diagram 

C x c(»- 3 ) — ^ C x C(f ~ 3 ) 

v »-e(vo = y 

(7(9-!) — - — 9- (7(9-!) 

commutative, such that the compositions C 3 P h-> ip(P,D) = prc(F(P,D)) 
defined by the composition C-> Cx (7(9-3) -^Cx (7(9-3) — > C extend to auto- 
morphisms of C. Notice, then F 2 = id. Since g > 2, also tp(P, D) = tp(P) does 
not depend on D G C( g ~ 3 \ and defines an involution of C. Hence F(P,D) = 
(9(P),ip P (D)), such that ^ e(P) o V>p = Mfcc-s) . In particular t/p : C^~ 3 ) -» C^ 3 ) 
is an automorphism of C^ 9 ~ 3 \ But then, if we put P = G C and Q = 0(-P)> we 
get from the commutative diagram above 

k - W ff _ 3 = 2Q + iy 9 _3 • 

Now 

(w r + u)n (w r + v) = w? +l u (w r _i + 

or 

W r n (W r + v - u) = (W? +1 - u) U (W r _i + u) 

holds for all r < g — 1 and all it 7^ v G C. See IfTOl , page 141. Furthermore 
<iim(W r 2 +1 ) < r — 1 holds for all r < g — 2 with equality reached only for hyper- 
elliptic curves (" IfTOl . p. 142). Hence for non-hyperelliptic curves C we conclude 
from some equality — W r = x r + W r where x r G X and 1 < r < g — 3, that 

-W r -! -U-vC (-W r -u)n (-W r - v) 
= (W r + X r ~ U) Pi (W r + X r ~ v) = X r - U + W r D (W r + U - v) 

and 

X r — U + (W r -\ + U) = X r + W r _i 

are both the same irreducible component of maximal dimension of x r — u + W r n 
(W r + « — Hence 

— W r -l — U — V = X r — U + (W r -l + U) = X r + W r _l . 
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This gives immediately a contradiction. This proves the lemma. 

Since C^- 1 ) -> w g -i is a birational map, the proof of F e ^ 9{F £ ) on C^- 1 ) 
implies 

Corollary 22. TjTC 15 not hyperelliptic e g ~i and are not isomorphic. 
As a consequence 

Corollary 23. /jf C is not hyperelliptic, then H°(5 a ) = holds for all a of degree 
deg(a) = 2g — 2 with at < 2. 

Proof : The convolution e g -i * e g -i is a direct sum by the general multiplication 
formula e 5 _i * e 5 _i = J2 a m ( a )da for certain a of degree 2g — 2, for which 
oi\ < 2 < 3 — 1. Every <5 a with deg(a) = 2g — 2 and «i < 2 appears with m(a) / 
in this sum according to the Littlewood-Richardson rules. The claim follows, 
since H°(e g -i * e g -i) = holds by corollary [221 and [Tl 

6.3 Other examples 



Lemma 38. For a BN-sheaf K (K is irreducible say with irreducible support Y 
of dimension d) suppose nx(K * 5c) 7^ 0. Then either d = g — 1 and K = by or 

Y = X. In both cases n x (K * 5 C ) = dim{H^- l {X,E)). 

Proof : Lemma [34] forces d > g — 1, since H g ^ 1 (X, K) vanishes unless d > g — 
1. H3- l (X,K) = H 2 3- 2 (Y,E) = also for d = g - 1 unless the irreducible 
coefficient system E is trivial. Notice E = j*(E\u), where j : U = Y \ V ^ 

Y is the complement of a divisor V in y, such that E\u is a smooth etale Q r 
sheaf on U. Then H 2 9- 2 (Y,E) = H 2 9- 2 {Y,j*{E\u)) = H 2 9~ 2 {Y, Rj*{E\ v )) = 
H 2 9- 2 (U, E\u) = H°(U, (E\u) v ). Since E\U is irreducible also on U, the dual etale 
sheaf D(E\u) is also irreducible. Hence H®(U, D(E\u)) vanishes unless E = Qi is 
the constant coefficient system. 
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Lemma 39. Suppose C is not hyperelliptic and suppose K = 5e is a BN -sheaf. 
Suppose Y is the irreducible support of K of dimension d. Then 

p m(K*5± c ) S p m(K) + — • dim H 2d - l (Y,E ® E) 
for E = j*(E\u) and E = j*{D{E)\ v ). 

Proof : Let I = dim(Hom Perv{x) (n, p H (K * K v ))). Then I ■ Q w P H°(K * K v ) 
by Gabber's theorem. Comparing stalk dimensions using dim(TC^ 1 (f2)o) = 2g 
this implies 2g ■ I < dimiH' 1 ( p H° (K * K v ) ). On the other hand in [Z8] we 
have shown,that the stalk Hr x [K * i^ v ) is a quotient of the cohomology group 
H 2d ^ 1 (Y, E <8> E). The assertion now follows from lemma l33l 

If E has generic rank one : For the rest of this section, we assume that C is not hy- 
perelliptic. By assumption E corresponds to a one dimensional Q r adic represen- 
tation p E of the etale fundamental group ni(Y \ V, y ), where V is the ramification 
divisor of the corresponding covering of Y. Let U = Y \ V be the open comple- 
ment, so that E\u is a smooth etale sheaf on U. Suppose Y is a normal variety. 
We can assume that E <g> E\ y is an etale sheaf in the ordinary sense with support 
of dimension < dim(V) and dim(V) = dim(Y) — 1 or V is empty (by the purity 
of branch points). Hence H V (V, E <g> E\y) = vanishes for v > 2d — 2. From the 
long exact sequence of cohomology with compact support attached to (U, X, Y) 
we therefore obtain 

H M - 1 (Y,E^E) = Hl d - x {U,E®E\u) . 
But E ® E\u = Qiu holds, hence we have an exact sequence 

-» H 2d - 2 {Y) ^ H 2d - 2 {V) -» H^i^E^Elu) -» ff^-^y) -> 0. 

If in addition the ramification divisor V is irreducible, and its proper transform 
F y in a desingularization y of Y has nontrivial Chern class c\{V) € H 2 (Y) 
(or if V is empty), then the restriction map res in this exact sequence is surjective. 
Together this implies H 2d - l {Y, E <g> E) = H 2d ~ l {Y). 

Example : K = 5 r = 5w r for C not hyperelliptic. Then V is empty and d = r < 
g - 1 and ff^-^Y) ^ fl" 1 ^)- Hence by the corollary above p m(5 r * 5±c) < 2. 
Therefore the multiplication formula implies, that for 1 < r < g — 1 the sheaves 
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perverse sheaves p 5 r . t i and p #2g-3,r are nontrivial irreducible perverse sheaves on 
X. 



Example : For K = e g -\ the situation above also applies. Since V is the image 
of 2C x C^ 9-3 ) — > Y = C^ -1 ), the conditions above are satisfied. This shows 
by the corollary above, that the perverse sheaves e g and p ^2,i,..,i (of degree g) 
are irreducible perverse sheaves on X, obtained as the two BN-constituents of 
e 9 _i * 5c- Similar, convolution with <5_c proves, that the perverse sheaves 
and p (52 9 -3 i i i ... i i (of degree 3g - 4) are irreducible perverse sheaves. Repeating the 
argument above, inductively with e r and 1 < r < g — 1 instead of one obtains 

Lemma 40. If C is not hyper elliptic, then for r = 0, ..,g the perverse sheaves e r 
and (52,i, (both of degree r) and ^2 9 -3,i,..,i (of degree 2g — 3 + r), and p 52g-3, r and 
p S r ,ifar r < g — 1 are irreducible perverse sheaves on X. 

Remark : Another point of view is the following. Recall that p g : — > X is an 
isomorphism outside re — W g -2- The automorphism 

maps C^- 2 ) to 0(C (9 ~ 2) ) c C^- 1 ), hence 

P - 1 {k - Wg- 2 ) = e(c (9 - 2) ) c c^- 1 ) c . 

The Abel-Jacobi map is defined by the choice of an auxiliary point P e C. This 
point also defines C^' -1 ) <^-> via D h D -)- P . For r = g — 1 notice, that 
9(D + P ) + P + D = K. Hence P + ^(C^- 2 ) + P ) e C^) maps to re - Wg- 2 . By 
dimension reasons, this is the fiber p~ 1 (k - Wg-2), at least over the generic point 
of k — Wg-2- Now, it is enough to show, that over the algebraic closure fj of the 
generic point rj of k — W g -2 the fiber cohomology (*) 

H 2 (p- 1 (rj),F £ \ p - 1{ll) ) = 

vanishes. e g is an irreducible perverse sheaf and 

e g =j\*(F £ ) 

for the open inclusion j : X\ (re— Wg-2) ^ -X", if and and if this holds. Argue as in 
section|22]to conclude this: Since the fiber p~ l (fj) is a one-dimensional projective 
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space over rj, the vanishing statement (*) is equivalent to the fact, that the restric- 
tion of the rank one coefficient system F £ on C^) to e(C^~ 2 )) c C^- 1 ) c C^) 
is nontrivial. Since F £ on restricts to the corresponding coefficient system on 
C { 'J- l \ this means that 9*(F £ ) (for F £ on C^- 1 )) remains nontrivial after restriction 
toC(f- 2 ). 
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Chapter 7 
Tensor categories 



7.1 Rigid tensor categories 

The category BM' of £W-sheaves of a Jacobian variety X is a semisimple abelian 
full subcategory BM' of the category of pure perverse sheaves on X, and it is 
equivalent to the quotient category BM contained in Perv(X) (see section I5T8T) . 

Tensor functor : As explained in section 15.81 the convolution product of two BN- 
sheaves is isomorphic to a direct sum of £?iV-sheaves and a constant perverse 
sheaf, which become zero in the quotient category BM. Hence the convolution 

K*L = Ra*(K M L) 

of objects K and L in BM defines an object in BM. The category BM thus be- 
comes a tensor category (BM, *) with commutativity and associativity constraints 
inherited from the category BM' , defined by direct images of constraints for the 
outer tensor product M. See section [2TT1 The induced tensor functor will be written 

* : BM x BM -> BM . 

According to section l2Tl the associativity and commutativity constraints make BM 
into a strict Q r linear tensor category in the sense of ifTTll . lfT8l . The tensor functor 
* has canonical extensions 

* ieI BM 1 -> BM . 

The symmetric group S r acts on the r-fold tensor product of objects A of a tensor 
category. This action 

a : A* ■ ■ ■ * A — > A* • • • * A , a € S r 
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is induced from the action of the transpositions (i, i + 1) e S r defined by 



= idA"- 1 * ^A,A * id,A'r-i-i 

for the commutativity constraint ^ a,a : A* A = A* A. Since o^i+i o c^+i = id 
and since the <7t,i+i satisfy the Coxeter relations (flU, p. 153), this extends to a 
well defined action of the symmetric group S r (0 section 7). 

Schur Projectors : The Schur projector attached to an irreducible representation a a 
for some partition a of degree r projects onto some a-idempotent A a contained in 
A* r = A * ■ ■ ■ * A (r copies). This allows to define objects A a for arbitrary A in a 
if-linear tensor category, provided char(K) = ([7| 2.1). As a special case one 
obtains A r (A) = A a , in case of the partition a = ([l] r ). 

Lemma 41. For an arbitrary partition a let a* be the dual partition. Then (Sc) a 
and p 5 a . are isomorphic in BM. 

Proof : There are two different actions of the symmetric group E r on the complex 

S c * 6c * ■ ■ ■ * 5c * 8c = Ra r ^(Ml =1 5c 



(r copies), where a T : X r — > X is the addition map a r (xi, ..,x r ) = x\ + • • • + x r . 
This is a special case of F± * • • • * F r = Ra r ^(W i=1 pr*(Fi)). 

The first action is induced from the geometric action of the symmetric group S r 
on C r . One has a commutative diagram 



f 



px---xp 



X . 



This diagram is equivariant with respect to the geometric permutation action a : 
C r — > C r , and the perverse sheaf 5c is a E r -equivariant sheaf on C r with respect 
to this action. Hence on R(p r o f)*5c = Ra r ^(R{p x • • • x p)*<5o) there is an 
action, induced from the action of S r on the equivariant complex Kl[ =1 5c on X r 



a 



Sc) 



=i Sc 
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in the sense of |[T5ll , definition 15.1 and remark 15. 3. a) and d). This induced action 
of S r on the complex Ra r ^ (m^ =1 ScJ defined by equivariance does not involve 
commutativity constraints! The objects 5 a and p 5 a were defined in section |4~T1 via 
this geometric action of S r on Ra r ^ (mi =1 5c) = 8%. 

Remark: For different complexes Fi we could not imitate this, since we would 
only get maps induced by a e S r of the form M r i=1 Fi — ► IE1[ =1 F a -xuy F 1 = 
• • • F r = 5c was used to obtain equivariance in this first construction. 

Admitting the use of 'additional' commutativity constraints the symmetric group 
acts on A* r for an arbitrary object A of a if -linear tensor category. In our case 
A = 5c this gives almost the same action of E r on 5^. Since 5c = Qz,c[l] * s a 
complex concentrated in the odd degree —1, this implies that the commutativity 
constraints ^k,l for complexes give an additional sign factor sign(a) compared to 
the first action. For this it is enough to look at the special case of the involutions 
a iji+ i. The commutativity constraints = vP<j c ,<s c : Ra*(5c E 5c) — > Ra*(5c Kl 
5c) involved in the definition of <Ji^\ for A = 5c gives the additional factor 
sign{oi^ + i) = (—l) pq = — 1 for p = q = —1. This proves the claim. 

Corollary 24. The objects A 1 (5c) of the category BM are isomorphic to p 5tfor 
all i > 0. Hence A 1 (5c) = in BM if and only if i > 2g — 1. 

Corollary 25. Suppose C is not hyper elliptic. Then the dimension of 5c € BN in 
the sense of fiTtf, section 7 is 

dim(5c) = 2g — 2 . 

Proof : See page 165 and 167, preuve de 7.1 (iii)=> (ii). In fact this argument 
shows, that A* (A) = implies dim(A) e {0, - 1}. Conversely, we use [l32l . 
lemma 5.1 

Lemma 42. In rigid semisimple ribbon tensor categories simple objects have 
nonzero dimension. 
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Since the symmetric braiding of a Q r linear tensor category is a special case of a 
rigid ribbon category, and since our category is semisimple we can use Q (7.1.2) 

dim(K i (A)) = dim(A) ■ (dim(A) - 1) • • • (dim(A) - i + 

to show dim(5c) is the smallest positive integer i, such that A* (5c) = 0. Here 
we use, that all A* (5c) are simple, if C is not a hyperelliptic curve. Also recall 

A 2 °- 2 (5 C ) = and A 29 ~ 3 (5 C ) + 0. 

We now summarize the properties of the category BM, established so far, which 
imply that BM is a Q r linear tensor category. Recall 

Unit element : The skyscraper sheaf 5q = 1 with support in zero admits an isomor- 
phism u : 5 = 5 * 5 , defined by u = Ra*(v), where v : 5 = 5 M 5 induces by 
the isomorphism Q z (g)^ Q ; — > Q ; in the stalk over the origin Oelxl. Obviously, 
the functor uk ■ K h-> * K is an auto-equivalence of BM. Hence (5 , u ) is an 
identity object for the tensor category (BM, *). Notice Endsu(l) = Qi- 

Internal Horn : Assume k normalized to be zero. Furthermore ignore Tate twists. 
Then the category BM' is stable under the duality K h-> K v by lemma |32] The 
contravariant functors M h-> HomBAf(M * K,L) = Hora^^M * K, L) are repre- 
sentable by the objects 

Hom (K, L) = K v *L 

in BM defining internal Horn-objects. See section [231 in particular corollary 1213 1 
andU 

Rigid tensor categories : Then we define the dual object 

K v = (DRY = Ham (K, 1) 

for K G BM. Obviously there exists a functorial isomorphism %k ■ (K v ) v = K, 
which shows that every object of BM is reflexive. Now, since the category BM is 
semisimple, the tensor category (BM, *) is a rigid tensor category by corollary [61 
lemma[9]and the remarks thereafter. Since the tensor functor is Q r bilinear, it is a 
Q r linear tensor category (categorie tensorielle sur Q l in the sense of Q 2.1). In 
addition it is semisimple and satisfies the finiteness conditions of 2.12.1. 

Fiber functors : A fiber functor from a Q r linear abelian tensor category C with 
values in a Q r algebra R is an Q r linear exact faithful tensor functor 

u : C — *■ M odji . 
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To be faithful, it is enough that oj(K) = implies K = on objects, since C is 
abelian. If C is semisimple, it is enough that u is an additive functor, in order to be 
an exact functor. There is a more general concept of fiber functor and Tannakian 
duality in 0, theorem 8.17 replacing functors to MocIr by more general exact 
(then faithful) functors to more general Q r linear abelian tensor categories. 



7.2 The symmetric powers e r 

Recall s\ = 5c- The direct sum of perverse sheaves e r e Perv(X) 

oo 
r=0 

is equipped with 'multiplication' maps m 

e r _i * 5c — - — *- £r © ^2,i r - 1 




£ r 



and 'differentiation' maps d, using 5 C = 5 2g -3, 

e r * 5 C C e r * 5 2g -3 — 5 2g _ 2 ^-i © h g -3,v 




D 



Er-l 



m is defined by symmetrization (the Schur projector pn to e r ). d is defined by the 
multiplication law (section [47Tb using 5 C = 5 2g -z in K*(X). The vertical map D 
is the composite of the projection pr\ to 5 2g - 2 ^r-i followed by the projection map 
onto the perverse constituent p #23-2,1' - 1 — Sr-i 

#2g-2,l''- 1 = T © P 5 2g - 2 ^r-i — > P 5 29 _ 2 ,l'- 1 — £r-l 

using e r _i = <5 * e r -i — #29-2 * £r = p #2g-2,i'- 1 © T', where as usual T and T' 
denote certain translates of constant perverse sheaves on X. 
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Lemma 43. For m = (m r ) and d = (d r ) the following holds 

1. S r (V) = H'(X, e r )for V = H'(C) is the super-symmetric polynomial alge- 
bra S'iV) on V v with multiplication induced by m on S' 1 (V r ) x S'(V). 

2. The map d is super-differentiation 

d: S r (V)(g)V v -> S r -\V) . 

Proof : All projection maps are defined via idempotents of the symmetric group 
(Schur projectors), m is a special case of the multiplication maps 

m a ,b :e a *e h ^> e a+h 

defined by e a * e b ^ 5^; a+b ^ — > e a+b via the symmetrizing Schur projector, which 
projects to e a+b . Now the first claim follows from the Kiinneth theorem 

H*(X, e a * e b ) — S a (V) S b (V) 

H'(X,e a+b ) S a+b (V) . 

By abuse of notation m will now also denote the maps induced on the cohomology 
groups 

m af) : S a (V) * S b (V) - S a+b (V) . 

Concerning d : First show, that d defines a super-derivation of the super-polynomial 
algebra S'(V). This boils down to an identity in the group ring of a symmetric 
group. Recall V^ 9 ^ <g> = \^-^s a (V^ 29 ~ 3+a ^) in the tensor category of 
super vectorspaces, where A 2g ~ 3 denotes alternation over the first 2g - 3 tensor 
factors with the symmetric group £23-3, and S a denotes symmetrization over the 
last a tensor factors for the corresponding group S a . Up to some constant the 
Schur projector 

is defined by S a ~ l h 29 ' 2 S a h? 9 ^ in the group ring Q,[£ 2fl -3+a]. Here S^ 1 is the 
symmetrizer over the last a — I elements, and A 29 ~ 2 is the alternator over the first 
2g - 2 elements, d arises from the composite map 
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Ignoring a constant, the element S a 1 A 2g 2 S a h? 9 3 in the group ring becomes 

a 
i=l 

2 9 -2 

= (a - 1)! • S^A^ 1 £ <7(2 9 -2)(2,-3+*)A a . 

8=1 

Here £ a _i is is the group of permutation of the last a — 1 tensor factors, and are 
transpositions of the places i and j. Notice A 29_2 £ a _i = £ Q _iA 29 ~ 2 . From this it 
easily follows, that 

Il a+6 o (id x m a ,b) = rn a -i )b o n a + m ajfc _i o U b o (id x c a>b ) 

as maps y( l2s ~ 3 ) <g> ® -> v^ 04 * -1 ), where 

is the permutation of the last blocks. This finishes the sketch of the proof for the 
super derivation property, which now easily follows. 

Second step : It remains to compute d on the generators V = ^(V) C S'(V), i.e. 
we have to show that the map 

d:S 1 {V)*V v ^S°(V)^k. 

defines a nondegenerate pairing V x V y — > Q t . d is the map induced on cohomol- 
ogy by the underlying projections 

Since <5c € Perw(X) is irreducible, 

Hom Perv{x) (5 c * S c , S ) = Hom BA f(5 c * S c , S ) 

has dimension one by section 12.61 This defines d uniquely up to a constant. 
Recall (5c) v = D(S-c) — S-c- The induced map on cohomology defines a 
nondegenerate pairing on the cohomology groups by theorem [TJ For the closed 
smooth subvariety C w X the map / : C x C — > X defined by /(a:, y) = x — y 
blows down the diagonal Ac ^ C x C to the point zero: / _1 (0) = Ac- Since 
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5c * 5-c = Rf*(Sc Kl 5c), we can compute 5c * 8-c 
basechange diagram 



5 using the proper 



C x C 



f 



A 



c 



-X 

io 

{0} 



On the cohomology groups this induces the nondegenerate cup-product pairing. 
See flU, p.101, [29], cycle, section 2.3 and also 031, P-155 or J2T1, theorem 12.3 



tf # (C) x H'{C) 



H'(X,5 ) 



H 9 (A 



C) 



for the trace map S : H 2 (A C ) = Qi as explained in section [2T6l 



7.3 0-Types in the symmetric algebra 

By lemma l30l the cohomology functor H'(X, -) is exact and faithful on the cat- 
egory BM' . For r > assume, that L e r is a nontrivial irreducible perverse 
constituent. Suppose L is of 0-type. Then by definition 

H m (X,L) = H°(X,L) . 

For the convolution K = L* 5 C corollary [T8] and nx(K) = (lemma [341) imply 

p m(K) = p m(L) = 1 , K = L * 5 C . 

Hence K is irreducible. One has the following morphisms 

K = L *5 C ^> S r *5 c = \ x -l,V) © £r-l £r-l • 

The composite -iroi: K = L*5 C ^> e r _x is nonzero. It is enough to check 
this on cohomology. Since H'(X,L) / 0, it is enough to show that the super- 
differentiation d : H'(X,L) (g> V v — > ) S ,f '~ 1 (V) is nontrivial. However this is obvi- 
ous, since a super polynomial P G H'(X, L) C with vanishing partial super 
derivatives is zero. Since K is simple, we obtain 

Lemma 44. 7r o i : K = L* 5 r w e r _i is an inclusion. 
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Now we revert things. Consider 



K * Sc = L * 5 ( 



;v * 5 C = L © (L * Q) 



and the moronisms 



K * 5c 



e r _i * Sc = e r © 5(2,1—2) 




Lemma l32l implies L * Sc / 0. Looking at cohomology the composed map tt' o 
i' is nonzero, since tt' : e r _i * 5c — > £r induces the multiplication l S ,r-1 (V) © 
V -> 5 r (F) (lemma |43l part 1). In fact, the multiplication map W © V -> S^V) 
is nonzero for any nonzero linear subspace W C 1 S T-1 (V); that S"(y) has zero 
divisors fortunately is irrelevant for this. Therefore 7r' o i' 



is nonzero. Concerning we refer to section 14741 and |4~5I 

Lemma 45. tt' o i'(L * $7) = /or L * SI C if * 5c (nonhyperelliptic case) and 
tt' oi'{L* Sc-o) = (hyper elliptic case). 

Proof : Suppose / : L * SI — > e r were nontrivial. Recall HomBAf(L * U,e r ) = 
HomBAfi®*, L v * e r ) via <p h-> <&, using 



Therefore Gabber's theorem gives a contradiction in the non-hyperelliptic case, 
since H~ 2 (X, SI) / and SI is irreducible, whereas L v * e r is of 1-type: i.e. 
H V (X, L v * e r ) = holds for > 1 (use the Kiinneth formula, and that L v is of 
0-type and e r is of 1-type). In the hyperelliptic case Q = A® 5c-c for A = T e *(e 2 ), 
and the same argument as above can be applied for the summand 5c-c- This 
proves the lemma. 

The morphism tt' oil K * 5c — ► e r is nonzero and has a nontrivial image 



tt' o i' : K*5 C = L © (L * S7) 
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Since under the cohomology functor H'(X, — ) the maps tt o % and ir' o i' induce 
differentiation respectively the multiplication on the super-symmetric algebra, we 
get commutative diagrams 

s'-^v) -« S r (V) ® v v 



H'{X, K) -<— ^ H°(X, L) ® V v = H'(X, L) ® V v 

and 

S r ^{V) ® v — S r (V) 



H*(X, K)®V H*(X, V) . 

Lemma 46. is a surjection and (p an isomorphism of graded vector spaces. 

Proof : This follows from 7roi(L) = K and ir'oi'(K) = L', since H'(X, iroi) = d and 
H'(X,tt' o i') = m (adding the extra observation, that for all sheaves considered 
in this section S a = p 5 a holds by a\ < 2 < g — 1 due to our general assumption 
g > 3). This completes the proof of the claim. 

Lemma |45l implies 

L = L' 

in the non-hyperelliptic case. In the hyperelliptic case V is a perverse quotient of 
L © (L * A) . Since L is of 0-type and A is of 1-type, in any case L' is of 1-type. 
Recall L ^ implies H'(X, L) / 0. Since L is of 0-type we always have 

1. H'(X, L) = H°(X, L) ^ Qf for some d>l. 

2. H'(X,K) = H*(X,L) <g> H*(C) has dimensions d,2dg,d in the degrees 
1, 0, -1 and and vanishes in all other degrees. 

3. V is of 1-type (0-type in the non-hyperelliptic case) and contains L. 
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Notice H'(X, L) C H*(X, V), which is a consequence of lemma |46l and the Euler 
formula for superpolynomials Q, suffices to show the last assertion L C L'. 

Now suppose Q € L) = H°(X, L) such that 

Q = P + r ?+ . r? _.p , 

with polynomials P e S r (H-) and P e S r ~ 2 (H^) in the usual sense. Here 7/± 
denote the generators of two odd parts P ±1 (C) C S 1 {H + ). 

77ze non-hyperelliptic case. Since r > 0, there exists a partial derivative di for 
some i = 1, ..2g with respect to the even variables in H_, such that diP ^ 0. Since 
diQ o is in the image of H°(X, L) <g> V v (under differentiation), it is contained 
in H°(X, K) by lemma |46l Therefore 

mdi(Q) = d { ( m Q) = di( m P) = m diP ± 

is contained in H l (X, e r ) n H'(X,L'), once more by lemma l46l In the non- 
hyperelliptic case this intersection is zero, since ^(X, L') = ^(X, L) = . 
This contradicts our assumption P / 0. 

The hyperelliptic case. For simplicity assume d = dim(H°(X, L)) = 1. Then Q 
necessarily generates H°(X,L). The odd derivatives of Q generate H ±:L (X, K) 
by lemma |46l Hence H ±l (X, K) = r]±PQi. The multiples xjr]±P obtained 
from the even generators xj of H_ C V define 2g linear independent elements 
in H ±1 (X, V). Hence 

2g < dimiH^iX.L')) . 

Since L' is a quotient of L © (L * A), the cohomology H ±1 (X, V) is a quotient of 
the 2#-dimensional space H ±X (X, L * A) s P ±1 (X, yl). Thus 

dim(H ±l {X,L')) < 2g . 

Therefore the kernel P of 7r' o %' -. L * ^4 — ► e r is of 0-type. But B ^ L * A implies 
Hom B Af(B,L * A) ^ Hom BA /(A v , B v * L) ^ 0. Since P v * L is of 0-type and 
A is irreducible of 1-type, Gabber's theorem gives a contradiction unless B = 0. 
Hence L * A L'. By the same argument L * A C L' and L c L' do not intersect 

L © (L * A) L' . 

Hence 

H ±1 (X,L') = V-r]±P 
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and dim{H°(X,L')) = 1 + dim(H° (X , A)) = 2 + dim(S 2 {Q L 9 )) . This dimension 
formula will give a contradiction: H°(X, K) is of dimension 2g, generated by the 
2g even derivatives of Q 

< OiQ >=H°(X,K) . 

Since r]±H°(X,K) C H ±1 (X, V) = V-7]±P,ri±diQ = rj±diP = ri ± Xi(x)P(x) holds 
for linear functions \i(x) G V. Thus diP(x) = Xi(x)P(x), and the Euler formula 
implies = q(x) ■ P(x) for the quadratic polynomial q(x) = r^ 1 Y^ti Xi\(x). 
Thus q(x)diP(x) = \i(x)P(x) for Xi(x) = Xi(x) - diq(x), hence 

dP(x) _ Yliii Xi(x)dxi 
P{x) ~ q{x) 

By decomposing P(x) into a product of irreducible polynomials, this forces 

P(x) =c-q(x) n 

for some constant c € Q ; and an integer n, if g(x) is irreducible. Or P = c ■ 
X(x) n X(x) m for the linear factors X(x)X(x) = q(x) in case q(x) is reducible. Hence 

Q(x) = q(x) n+1 + c • q(x) n r) + r)- 

orQ(x) = X n+1 X m+1 + c-X n X m r] + r]-. In this second case the partial derivatives diQ 
only span a space of dimension < 2. This contradicts dim(H°(X,K)) = 2g > 2. 
Thus q(x) is irreducible. By lemma 1461 the terms XjdiQ(x) and r] + r]-P generate 
H°(X, V). Since for varying i and j the span of the 

XjdiQ(x) = (^Xj ■ diq(x)j ■ R(x) , R(x) = (n + l)q(x) n + cnq(x) n ~ 1 r] + r]^ 

has dimension at most dim(S 2 (Q^ 9 )), this implies 

dim(H°(X,L')) < l + dim(S 2 (Q* 9 )) 

contradicting the dimension formula above. At this stage we can drop the assump- 
tion, that L is irreducible, and get 

Theorem 12. Suppose L is a perverse sheaf of 0-type contained in e r for r > 0. 
Suppose dim(H°(X, L)) = 1 in case C is hyperelliptic. Then the cohomology of L 
satisfies 

H'(X,L) C m v-l'S r - 2 (HJ) C S r (V) even . 
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Corollary 26. The natural map induced by the inclusion i composed with the 
multiplication m r ^ 

L * L e — > £ r * E r £2r 

is the zero map (in the situation of theoremVffi). 

Proof : Since the cohomology functor is faithful on BAf', it suffices that the induced 
map on the cohomology groups is zero. Since m r <r induces the super multiplica- 
tion 

m r , r : S r (V) ®S r (V) -> S 2r (V) 

(see section O), this map is zero on H*(X,L) ® H 9 (X,L) C S r (V) S r (V) by 
the nilpotency 

(mri-i) 2 = o . 

This proves the corollary. 

7.4 Structure theorem 

Let K be an algebraically closed field of characteristic zero (in our case K = Qf). 
Let T be a If -linear tensor category and finitely (g>-generated (in our case BM is 
generated by 8c). Then 

Theorem 13. (/(#]/) For T the following assertions are equivalent 

1. T is equivalent as a tensor category to the category of representation Rep(G, e) 
of a supergroup G. 

2. Every object AofT is annihilated by a Schur projector (depending on A). 



This result also implies, that the following conditions for an object A of T are 
equivalent (see jH): 

1 . A is annihilated by some Schur functor A a = 0. 
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2. There exists an integer N such that 

lenght{A® n ) < N n 

holds for all n > 0. 

Hence A® m is Schur finite provided A is Schur finite, since lenght{(A® m )® n ) = 
lenght(A® mn ) < N mn = (iV~i) n for JVi = N m . 

For the category BN this has the following consequence: Since 5c is a generator 
for BN and since A 29-1 ((5c) = 0, every object of BN is Schur finite. Hence by ||8l 

Corollary 27. 77ze category BN is a semisimple super-Tannakian category equiv- 
alent to the category of representations Rep(G, e) of some supergroup G and some 
datum [12 — > G. 

7.5 The Tannaka category BN 

In this section we suppose, that the Riemann constant k is normalized to be zero. 
For the tensor category BN we know 

1 . BN is generated by a simple object X = 5c- 

2. k* +1 {X) = for some x > 0. 

This implies BN to be super-Tannakian. Let 



be a super fiber functor. Since u is an exact tensor functor Lu(X)® a = u(X® a ), and 
it commutes with the projectors A a . Hence 



For u(X) = V + V~ this implies A a (V + V~) = for the case a = x + 1- 
For 5 a (y _ ) C A a (V + y-) hence S a (V~) = 0, therefore = 0. Since w is a 
tensor functor this implies cj(A' <8,n ) = is even for all n. The same holds 



u : BN -» Fec± 
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for all subquotients. Since A" is a tensor generator of the tensor category BN, this 
implies that 

u) : BN — > Vec^ 

is a fiber functor with values in the category of finite dimension Q r vector spaces. 

Corollary 28. The category BN is Tannakian, and isomorphic to the category 
Rep(H) of finite dimensional Qi representations of an algebraic group H over Qj. 
The Zariski connected component H° ofH is reductive. 

Proof : This follows from J6]|, theorem 2.11, prop. 2.20 (b), prop 2.21 (b) and 
remark 2.28. 

Corollary 29. Suppose L = So e r , then r = 0. 

Proof : By the main result of section [7731 the natural projection e r * e r — > E2r is the 
zero map on the 0-type L = 5 for r > 0. By the existence of a fiber functor u this 
projection induces the multiplication on the symmetric polynomial algebra 

oo 
r=0 

where W = u(Sc) is the canonical representation space of G of dimension 2g — 2 
defined by the fiber functor u. Since now Qj[W] is a polynomial ring in the usual 
sense, hence an integral domain, this implies that lo(L) C Q^[W] is zero. Since u 
is faithful, uj(L) = implies L = 0. A contradiction for r > 0. 

Corollary 30. Qi[W] G = 0. 

Proof : Any invariant subspace arises from some embedding <5 ^ e r - Since So is 
of 0-type, the last corollary |29] proves the claim. 
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7.6 Representations 



Let G be an algebraic group over Q t or more generally over an algebraically closed 
base field of characteristic zero. In fact, one can choose an isomorphism r : 
Q z = C. Hence it will suffice to consider the field C of complex numbers in 
the following. Let W be an irreducible faithful representation of G over the field 
C of dimension dim(W) > 1, such that 

1 . G° is reductive. 

2. W (g) W has at most three irreducible constituents. If it has three irreducible 
constituents, then A 2 (W) contains the trivial representation, but A 2 (W) is 
not trivial. 

3. A 3 (W) does not contain the trivial representation. If W ® W has three ir- 
reducible constituents, then W <g> W ® W has (at most) 7 irreducible con- 
stituents. 

4. A l (W) is the trivial representation for i = dim{W). 

5. C[Wf = C. 

These conditions come from 1) the semisimplicity of BN, 2) corollary [T3l and 
section 1431 concerning the decomposition of 5c * 5q, 3) corollary [13] and corollary 
[22 and for g = 3 also lemma l40l describing the decomposition of 5c * 5c * &c- 
The condition on A Z {W) follows from lemma l20l and corollary [13J Furthermore 
4) follows from corollary [24] and finally 5) from corollary l30l 

Remark : Under these assumptions on (G, W) we now prove step by step the fol- 
lowing assertions 

1. Suppose a semidirect product {G\ x • • • x G r ) x A, with a finite group A 
normalizing each factor Gi, surjects to the group G. Then W defines an 
irreducible representation of this semidirect product, which is induced from 
a tensor product of irreducible representations (Wi, A*) of Gi for I = 1, .., r 
such that at most one of the representations A« has dimension > 1. 

2. G° is semisimple. 

3. G° is a product of simple groups of the same Lie-type. 
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4. G° is simple. 

5. G° is either Sl(2g - 2) or Sp(2g - 2). 

6. G = G° x 7r (G) with a cyclic group 7r (G) 

We start with 

Lemma 47. For projective algebraic representations (W, p) of an algebraic group 
G the following holds 

1. If p = pi <8> pifor projective representations pi,p2 the multiplicities satisfy 

m G {p <8> p) > m G (pi (8) pi) • m G (p2 ® Pi) ■ 

2. mc(p® p) > 2 for dim(p) > 1. 

3. ttiqi (Ind^ (p) <g) Ind,Q (p)) > m G (p <8> p) + 1 if G C G' is a subgroup of finite 
index. 

Proof : The proof of 1 is obvious. For two notice W <g> W = S 2 (W) © A 2 (W). 
Concerning 3. observe that for 

W = In4'{p) = ® SeG , /G S(V) 
the tensor square representation is 

W®W= 5{V)®5{V) © 00 5 1 {V)®5 2 {V) . 

5eG'/G S^eG'/G 

Since S(V) © S(V) = S(V © V), the first summand is Ind^' (p <g> p). Obviously 

m G ,{Ind G ! '{p®p)) > m G (p®p) andm G ( 00 Si(V) ©<5 2 (F)) > 1 for G' ^ G. 

S^eG'/G 

Corollary 31. For W = Jndg'(p), dim(p) > 1 and 1 < [G' : G] < 00 suppose 
W <gi W has two irreducible constituents or three, and in the latter case it case it 
contains the trivial representation. Then G' = G and dim(p) = 2. 

Proof : Unless G' = G and dim(p) = 2 the subrepresentations Indg (S 2 (p® p)) and 
Ind^'(A 2 (p ® p)) and ® Sl ^s 2 eG'/G S i( v ) ® ^OO) of W © W have dimension 
> 1. 
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Lemma 48. (Mackey) Suppose (W,p) is an irreducible representation of G, and 
suppose A is a normal subgroup of G. Then either a) there exists a subgroup 
H C Q containing A and an irreducible representation p' of H such that p = 
Indx(p'), or b) the restriction of p to A is isotypic. In the latter case there exists 
an irreducible representation p' of A, which can be extended to a projective repre- 
sentation of the group G on the same vectorspace, and there exists an irreducible 
projective representation p" ofG/A such that p = p'® p". 

Proof : Well known. 

We say a representation (W, p) of an algebraic group G is almost faithful, if the 
kernel of p is a finite group. 

Lemma 49. For an almost faithful irreducible representation (W, p) of G with the 
property mGiW®W) < 3 the restriction of(W, p) to G° remains irreducible unless 
G° is a torus. 

Proof : For G°<G lemmal48limplies. that either the restriction of p to G° is isotypic 
and p = p' (g> p", or p = Ind'^(p') for G° C H C G. In the second case G = G° 
and dim(W,p) = 2 by corollary [3TJ In the first case lemma |47] part 1 and 2 give 
mciW (g> W) > 4 unless either dim(p) = 1 or dim(p") = 1. If dim(p) = 1, then G° 
is a torus, since p is faithful. Hence dim(p") = 1, which proves the assertion. 

Lemma 50. Under the assumptions made on the representation (W, p) of G, the 
connected component G° is a semisimple algebraic group of isotypic Lie-type ( i.e. 
is isogenious to a product Yl2=i H for a simple algebraic group) 

Proof : We replace the group G by a group G', which admits a surjective homo- 
morphism G' — > G with finite kernel, and then we consider the almost faithful 
pullback representation (W, p) of G' . 

Construction of G' : Notice G° = (G°) der ■ Z(G°) (with finite intersection). The 
finite group vr (G) = G/G° acts on (G°) der and Z(G°). Using a splitting (see 01) 
we get 

1 -> Int((G°) der ) -> Aut((G°) der ) -> Aut((G°) der ,B der ,T der ,{x a } a£A ) -> 1 
1 -» Int(G°) -» Aut(G°) -» Aut(G°, B, T, {x a } aeA ) -» 1 . 
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Notice Int((G°) der ) = Int(G°), and the natural map 

Aut(G°) - Aut((G°) der ) 

induces a map 

Aut{G°,B,T,{x a } aeA ) 

The group Aut((G°) der , B der ,T der , {x a } ae A) can be identified with a subgroup of 
the group of graph automorphisms of the Dynkin diagram of (G°) der . The group 
G/G° acts on G by conjugation, which defines a map from G/G° to the automor- 
phism group of G°. The image of G/G° under 

G/G° -> Aut^G )^, B der ,T der , {x a }aeA) 

defines a group A C Aiti((G°) der , -Bd er , Trf er , {x a } a <=A) of automorphisms preserv- 
ing a splitting. A acts by graph automorphisms on the Dynkin diagram of (G°) der , 
and defines a finite subgroup of G. The kernel A C G/G° of this map is the 
subgroup, which acts trivially on the Dynkin diagram, and it is contained in the 
centralizer of (G°) der by the definition of splitting 01. Hence Z(G°) x A com- 
mutes with (G°) der . Hence we get a surjective map from 

((G°) der x (Z(G°) x A )) x A 

to G. So we end up in the situation of step 1, where G\ = (G°) der and G2 = 
Z(G°) x A . We can further break up G\ into isotypic factors, for which each 
term is isogenious to a product of simple groups of the same Lie-type. Or, with 
a more refined decomposition of Gi the factors are in 1-1 correspondence with 
the orbits of the action of the group A on the set of connected components of 
the Dynkin graph of G. We may also replace each simple factor by its simply 
connected covering group. This defines 

r 

g' = (n>) * a . 

i=0 

where (Go) is a torus, where (Gj)° is isotypic semisimple for all i = 1, ..,r such 
that A normalizes each factor G, for i = 0, .., r. 

Continuation of proof : We can now apply lemma |47l which implies that the re- 
striction of p to the subgroup ni=o ^ remains irreducible. Hence 

r 
i=0 
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for irreducible representations pi of Gj. Since A normalizes each factor Gj each 
representation pi can be extended to a projective representations p\ xt of the semidi- 
rect product Gj xi A respectively. Hence 

r 

P = <g)pf Xt - 

i=0 

Since rriG>(W ® W) < 3 part 1 of lemma 1471 implies dim(pf xt ) = 1 except for one 
L Since p is almost faithful, therefore either (G')° is a torus, or (G')° is isotypic 
semisimple. Hence for the proof of the lemma it now suffices to exclude the case 
that G° = Z(G°) = T is a torus. For this notice 

dim(Spec(C[W] G )) = dim(Spec{(C[W} G ") G/G °)) = dim(Spec(C[W] G " )) = . 

Hence C[iy] T = C. Since A l (W) for i = dim(W) is the trivial representation, 
there exist roots ai, on of T on W, such that J2i=i a v = 0. Then C[W] T has 
dimension > 1. A contradiction. This proves lemma l50l 

Hence we can assume 

G' = H n xi A , 

where A = ttq(G') acts by conjugation on H n and acts transitively on the set of 
the n connected components of the Dynkin diagram of G' . Since the restriction of 
p to (G')° is irreducible by lemma |49l 

n 

p\h-=§§v , dim(v)>l 

4=1 

holds for an irreducible representation u of the connected simply connected group 
simple group H. Via inclusions i v : H — > H n and projections 7r M : H n — > 
each 7r^ o Int(g) o % v for 5 e G'(/c) defines an automorphism of Let 7i denote 
the group generated by these automorphisms. It contains the subgroup Int(H) 
as a normal subgroup of finite index. By Schur's lemma for each a e H there 
exists A a G GZ(W;,) with v(a{h)) = A^^A^ 1 , which is uniquely determined by 
a up to a constant in Q*. Thus the representation v of H extends to a projective 
representation v ext of the group TL on W^. It is clear that g h-> Ad g \^ induces a 
map to the semidirect product 

: G' -» W n x S n . 
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The representation v ext <g> • • • ® v ext on W v © ■ ■ ■ ® W u extends to a projective 
representation p' of H n x S n on which the permutation groups acts on (W v )® n via 
the Weyl action, the group H acts via the matrices A a . From the Schur lemma it 
follows, that for g e G'(k) the matrices p(g) and p'(4>{g)) conincide up to a scalar. 
The same holds for tensor powers of p respectively p' o </>. Hence to obtain lower 
bounds for the multiplicitities of the tensor powers W® r of the representation 
(W, p) we may replace (p, W) by (// o <p, W) and G' by the 'larger' group H n xi 
S n in the following. Since m n n xSn (W® r ) < mG>(W® r ) our assumption on the 
multiplicities for r = 2 and r = 3 carry over. For simplicity of notation we now 
write A instead of S n and v instead of v ext , and consider the action of A on 

n 
i=l 

Our first aim is to show n < 2: Since the multiplicity of a representation is the 
same as its multiplicity as a projective representation, in the following no distinc- 
tions will be made between representations and projective representations. The 
projective representation W u © W v is a projective representation of H, which de- 
composes into at least two invariant subspaces A © B by part two of lemma |47l 
since dim(W u ) > 1. This induces invariant subspaces in the tensorproduct p <g> p. 
For n = 2 these are the subspaces A® A and B(&B and (A®B)@(B®A). In general 
there are at least n+ 1 different such nontrivial subspaces invariant under the group 
H n x A. This forces n < 2 by the bound m Hn>1 z n {W ® W) < m G '(W ® W) < 3. 
Hence 

1. either n = 2 and G = 7i 2 xi A and A permutes the two factors of H 2 . In this 
case the multiplicity of W <g> W is 3. 

2. or n = 1 and G° is simple. 

In the first case we repeat this argument, now with the third tensor power of W 
instead of the second tensor power. For Y = W v notice Y <g> Y <g> Y = S 3 (Y) © 
2T 2 ' 1 © A 3 (y) decomposes into a direct sum of at least four different subspaces 
invariant under H x Ai, and all four summands are nontrivial for dim(Y) > 3. 
Since dim(Y) > 2 the last of the four subspaces vanishes only for dim{Y) = 2. 
In this case H = 5/(2). So assume first dim(Y) > 3. Then the third tensor 
power W © W © W of the representation of G = H 2 xi A admits a decomposition 
W® 3 = (Y ® y)® 3 = (y® 3 ) © (y® 3 ) into at least g) = 10 different nontrivial 
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H 2 xi S 2 -invariant constituents. By assumption there are at most 7 irreducible 
constituents in W W W. This excludes this case. It remains to consider 
the case G' = G = (S7(2) 2 ) x A and dim(Y) = 2. In this case A is the cyclic 
group of order two, which permutes the two SI (2) -factors. The representation of 
H = Sl(2) on Y must be the standard representation. Hence W W is induced 
from si® 2 si® 2 = (S 2 © 1) (S 2 1). But then, since m G >(W W) = 3, 
by our assumptions the trivial representation must be contained in A 2 (W). This 
gives a contradiction, since now, evidently, the trivial representation can only be 
contained in 1 <g) 1 C S 2 (W). This proves step 4. 

Concerning step 5. Hence 

G° = H 

is a nontrivial connected simple algebraic group H (which we may replace by its 
simply connected covering). Our assumptions imply 

dim(Spec{C[W] H )) = dim{Spec(C[W] G )) = . 

Since H is simple and W is irreducible and since 

C[W] H = c , 

the classification of Kac-Popov-Vinberg (see 03), D2D, [HI)) shows, that (W, H) 
appears in the following list 

1 . W is the standard representation st of the simple group H or its dual (ex- 
cluding the case E 8 ), or 

2. the symmetric and alternating square of A n . 

3. The second fundamental representation in A 2 (si) for C n 

4. the third fundamental representation of C3 on A 3 (C 6 ) or A 3 (si) for A 5 ,A 6 ,A 7 . 

5. the spin representation of B 3 ,B4,B 5 , B 6 

6. the spin representation of D A ,D^,D G ,D 7 . 

Notice, we can restrict ourselves to representations from [|24l . 1.2 part (1), since 
C[M^] H = C implies that is the only closed orbit, hence H is the principal 
isotropy group in the sense of loc. cit. Also we omitted cases of loc. cit., where 
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the dimension of C[VF]^ obviously is > as for example the adjoint representa- 
tions, where this dimension of is equal to the rank of G. In the following we freely 
use notation from E4ll . For representations W of type 2) the third tensor power 
has more than 7 irreducible constituents by the Littlewood-Richardson 
rule. Since the representations of type 3 are obtained from the alternating square 
of the linear group as the highest weight constituents of the restriction, one eas- 
ily eliminates also this possibility (just compare highest weight restrictions of the 
decomposition obtained above in the ^4 n -case). Concerning the representations 
W of type 4) it follows once more from the Littlewood-Richardson rules, that 
W = A 3 (st) has a tensor square W <g> W with 4 or more irreducible constituents 
contrary to the assumption, that there should be at most 3 irreducible constituents. 
This eliminates the representations of type 4). Similarly one can exclude the spin 
representations W of the types 5) and 6): The tensor square W ® W of a spin rep- 
resentation is a sum of the alternating powers 1 + A -\ A n in the B n case. Since 

n > 3 this gives > 3 irreducible constituents in W <g> W and therefore excludes the 
representations in group 5). W ®W = A\@ A n ~ 2 © • • • holds for the tensor square 
W <8> W of a spin representation W of a group of D n -type. This immediately ex- 
cludes D e ,D 7 . Although for D$, D 5 there are not more than three constituents, a 
closer look at W <g> W exhibits the trivial representation to be contained in S 2 (W) 
and not in A 2 (W). This also excludes type 6). Hence W is the standard representa- 
tion st = (pi (or its dual) of a simple group (except E 8 ). Obviously the orthogonal 
cases can be excluded by looking at the trivial constituent in W (g> W. We also 
claim, that neither of the standard representations G%, F±, E Q , E 7 are possible. For 
this we refer to the decomposition rules given in the tables of [[241 . For G2 the 
third alternating power and the second symmetric power of the standard repre- 
sentation ipi both contain the trivial representation. For F 4 the second symmetric 
power of if 1 contains the trivial representation. For E 6 the trivial representation is 
contained in the third symmetric power of 931 . For E 7 the forth symmetric power 
of ipi contains the trivial representation. By assumption A 3 (W) and S r (W) do not 
contain the trivial representation (C[VF] G = implies C[W} G " = C). This excludes 
all exceptional groups. 

Since dim(W) = 2g — 2, therefore 

1. either G° = Sp(2g — 2,C) and W is the selfdual standard representation (if 
W W has three irreducible constituents) 

2. or G° = Sl(2g — 2,C) and W is the standard representation or its dual (if 
W <8> W has two irreducible constituents) 
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In the second case, since 2g — 2 > 4 the dual of the standard representation is 
not isomorphic to the standard representation. Therefore by lemma [49] the homo- 
morphism tto(G) — > Out(G°) must be trivial in both cases. Hence each element 
in 7r (G) admits a representative in G, which respects a splitting of G°. Hence 
G = G° x wq(G). Since p is faithful the group tt {G) must be a cyclic group of 
order dividing dim(W) = 2g — 2. In case G° = Sp(2g — 2) even stronger tto(G) 
has to be of order < 2. In fact mciW <g> W) = rriG°(W <g> W) has three irre- 
ducible constituents in this case. Hence by assumption the trivial representation 
of G = G° x ir (G) is contained in A 2 (W). This forces 7r (G) to act on W faithfully 
by a quadratic character. This proves the claim. 

Since the center of G° is a cyclic group of order 2 in the first case G° = Sp(2g — 2) 
and a cyclic group of order 2g — 2 in the second case G° = Sl(2g — 2), the trivial 
representation of G° only occurs in a tensor power W® r for 2\r respectively 2g— 2\r 
in the first respectively second case. But for these r the finite cyclic group 7r (G) 
has acts trivially on W® r , since tt (G) is cyclic of order dividing 2 respectively 
2g — 2. Therefore a one dimensional representation of G, which is a constituent of 
some tensor power W® r of the generator W of the tensor category Rep(G), is the 
trivial representation. This implies, that vr (G) is the trivial group. 

Thus, tacitly assuming that the k e X(k) has been normalized to become zero, we 
obtain 

Theorem 14. For smooth projective curves C of genus g > 3 the Q r linear ten- 
sor category BM of B~N -sheaves is equivalent to the category Rep(G) of finite 
dimensional ^-representations of the linear group G = Sl(2g — 2,Qj), if C is 
not hyper elliptic, respectively the symplectic group G = Sp(2g — 2, Qj), if C is 
hyper elliptic. 



Corollary 32. If C is not hyper elliptic, the perverse sheaves p 5 a for a\ < 2g — 2 
are a full set of inequivalent representatives of the set of isomorphism classes of 
irreducible perverse BN -sheaves. 

Immediate consequences are the theorem of Martens, the theorem of Torelli, and 
formulas for the intersection cohomology groups of W r — W r (see section |7?9l) . 
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Remark : For re ^ the Tannaka group has the form (G x D)/Z, where D = 
D(k) is a diagonalizable group only depending on the order of re e X(k), which 
contains the center Z = respectively Z = ^2 of the respective group G, that 
is obtained (as above) after re has been normalized to become zero for a suitable 
translate C of the given curve. 

The theta divisor : Let T (X, 0) for X = J(C) be the Tannakian subcategory of BN 
generated by Sq = ^. The generator 5q of this tensor category corresponds 
to the representation A 9-1 (si) of Sl(2g — 2) respectively the highest weight con- 
stituent of A 9-1 (si) for Sp(2g — 2). The subcategory T(0) is therefore equivalent 
as a tensor category to 

T(X, 0) « J2ep(C) , 

where in the hyperelliptic case G' = G or G' = G a ^ depending on whether g is 
even or odd. In the nonhyperelliptic case G' = G/n g -\ holds for G = Sl(2g - 2). 
In this latter case a perverse sheaf p 5 a is isomorphic to an object in T(X, 6) if and 
only if deg(a) is divisible by g - 1. For example e g -i is in T(X, 0). In fact 

Conversely, in the non-hyperelliptic case, ^ e^f - holds. The adjoint rep- 
resentation A always is in Rep(G'). Since A can be described intrinsically, A is 
determined by the category T(X,Q), hence determined by (X, 0). Since A is 
an irreducible perverse sheaf with support C — C (under our assumption re = 0) 
this determines C from the data (X, 0) (Torelli). See ll33l for a more elementary 
version of this argument. 

7.7 The categories T (X) 

We say a projective (not necessarily smooth) curve C ^ X is generating, if C gen- 
erates X as an abelian variety. Theorem[7]allows to define a tensor category T (X), 
generated by all admissible perverse sheaves supported on generating curves of X 
- as a subcategory of the quotient category of the category of semisimple per- 
verse sheaves of geometric origin modulo the Serre subcategory of semisimple 
translation-invariant perverse sheaves of geometric origin - in a similar way as 
we did this for a single smooth projective curve C in its Jacobian. 
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For these more general tensor categories T (X) there are tensor functors 

/* : T(Y) - T(X) 
attached to any surjective homomorphism 

f-Y^X 

between abelian varieties defined over k, induced from the map Rf* : D b c (Y, Q z ) — > 
D b c (X, Qi). Furthermore there exist tensor functors 

/, : ZW(C) - T(X) 

for any map f : C ^ X over fe from a smooth projective curve C to the abelian 
variety X, such that the image C = f(C) generates X. Any of the generators 5e of 
the tensor category T(X) is asubobjectof some f*(5' c ). Since A r (#c) = holds in 
BM(C) for some r depending on C, and since the property A l (X) = is inherited, 
when the tensor functor /* is applied to X, we see again that the category T (X) 
admits a super fiber functor. Since the generators X i: i £ I satisfy A ri (Xi) = for 
certain n £ I the category is a Tannakian category over the algebraically closed 
field Qi, hence admits a fiber functor over Q ; by theorem [T3l and its consequences. 

Corollary 33. Let J{C) be the Jacobian of a smooth projective curve over k, and 
let f : J(C) — > X be a surjective homomorphism of abelian varieties over k. 
Then the direct image Rf*( p S a ) e D^.(X,Qi) of any of the perverse BN-sheaves 
p 5 a G Perv(J(C)) is of the form 

Rf*( P S a ) = P®T 

for some P <G Perv(X) and a direct sum T = (B u T u [i>] of translates of translation- 
invariant sheaves T u on X both depending on a. 

Proof : This follows from theorem [7] and the functoriality of convolution, i.e the 
fact that 

Rf*:D b c (J(C),®i)^D b c (X,®i) 
is a Q r linear tensor functor. 



125 



7.8 Coverings of curves 



Let ip : C" — > C be a (possibly ramified) covering of projective curves over fc, 
such that g(C) > 2. We assume f(P') = P for the distiguished points defining 
the Abel-Jacobi map. Then the covering 92 induces a homomorphisms / between 
abelian varieties 

/ : X' = J(C') — ► X = J(C) . 
Consider the associated Q r linear tensor categories with Q r linear fiber functors 

• (C, uj g ,) for C = Rep(G'), where C is the full subcategory generated by 8c 
in T(X'), and 

• (C, log) for C = Rep(G), where C is the full subcategory generated by 8c in 

T(X). 

Let C" be the full Q r linear Tannakian tensor subcategory of T (X) generated by 
Rf*{8c)- Notice, 8c is a direct summand of Rf*(8c) = R(p*(8c)- So we have the 
fully faithful inclusion functor v : C — > C". Let wg = ° v be the fiber functor 
induced by uc>- (C", coc) defines an algebraic group G" = G" over Q h such that 
C" = Rep(G"). 

We get a commutative diagram of Q r linear tensor functors 




where uc is defined by Cbc = u , for u = Rf*\c>- 

Notice, that Cbc again is a Q r linear fiber functor of C This follows from the 
fact, that any exact tensor functor F : C — > C" between rigid, abelian Q r linear 
tensor categories C',C" with End{V) = Q ; and 1" 7^ is automatically faithful 
(fi, prop. 1.19). Since u is an exact Q r linear functor, the functor Cbc again is a 
fiber functor of C. By (33, prop. 3.1.1.1 and (201, prop.III.4.2 and cor.III.4.7 the 
equivalence of the category of fiber functors (of the neutral Tannaka category C) 
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with the category of G'-torsors over Q ; ([6], Thm 3.2) implies, that ug> and Qg> 
are isomorphic fiber functors 

We therefore assume ujg> = &g m the following. 

By HI, cor. 2.9 for any tensor functor u : C = Rep(G') -> C" = Rep(G"), such 
that log" ou = log, there exists a unique group homomorphism \i : G" — > G' which 
induces u. This applies to u in the situation above, and similarly applies to the 
tensor functor v: C = Reg(G) -» C" = Rep(G"): 

This gives rise to a correspondence (G",v,(j,) between G' and G attached to the 
covering <p : C — > G via homomorphisms /i and of algebraic groups over Q ; 




G' G . 

By 4.3.2 and [6], prop. 2.2.1 we have 

Lemma 51. The homomorphism fi is a closed immersion, and the homomorphism 
v is a faithfully flat epimorphism. 

Proof : For the first assertion it is enough by loc. cit, that every object of C" is 
isomorphic to a subquotient of an object u(X') for X' e C . But this holds by the 
definition of C" . For the second assertion it is enough by loc. cit., that v is fully 
faithful and that every subobject of v(X), X 6 C is isomorphic to the image of a 
subobject of X. Again this holds by definition. 

If C' — > G is a covering of smooth projective curves, then the groups G, G' depend 
only on the genus g' = g(C'),g = g(C), the Riemann constants and whether C', C 
are hyperelliptic or not. This gives a diagram defining representations p M and p v 




Gl(2g> - 2, Q,) >G'(Q,) G(Q,) C Gl(2g - 2, Q z ) . 

We remark, that in the case of a Galois covering C' — > G this commutes with 
the Galois action. Indeed this gives an underlying refined structure to the Artin 
representation ||27ll of the Galois group. 
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7.9 Another Application 



Assume C is a projective smooth non-hyperelliptic curve, and assume k = (using 
a translate of C). For 1 < r < s < g — 1 consider the difference map f(x,y) = x — y 
onX = J(C) 

f :W r xW s ^ X . 

By the Littlewood-Richardson rules the direct image Rf*(5w r xw s ) is 5~ * 5 r = 

J2t=0 $X-s+iy,r-iy = 5 X s,r + C-l * $r~l- Hence 

Rf*(5w T xW s ) = <^x-s,r © -R/*(<%V_ixW s _i) • 

Recall the sheaf complex 5~ * 5 r = Rf*(Sw r xW a ) is perverse for r + s < g by 
corollary|9l Now 5 x _ SjT . = p 5 x _ s>r ©T(r, s), where T(r, s) are translates of constant 
sheaves on X. By corollary [32] the perverse sheaf p 5 x - s , r is irreducible. This 
implies 

Lemma 52. If C is not hyper elliptic, then p d2 9 -2-r,r = &w r -w r for r < g/2. 

Thus the expression for the cohomology given by lemma [TBI combined with the 
results of section [5T6l gives an explicit description of the intersection cohomology 
of the singular sub variety W r — W r CI 

Proof : In fact by induction, since 5w r -w r is a nonconstant irreducible direct sum- 
mand of Rf*(5\y r xw r ) and not a summand of Rf*(6w s x\v s ), it must be a summand 
of p S x - rtr . Notice its support has dimension 2r and therefore is not contained 
in W s — W s for s < r. This follows from the well known dimension formula 
dim(W s — W s ) = min(2s,g) [[TJ, p. 223. Since p S x - r ,r is irreducible by corollary 
[32]the equality p 6 x - r ,r = $w r -w r follows. 
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